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Preface

The 4th Workshop on Approximation and Online Algorithms (WAOA 2006)
focused on the design and analysis of algorithms for online and computationally
hard problems. Both kinds of problems have a large number of applications from
a variety of fields. WAOA 2006 took place at ETH Zurich in Zurich, Switzerland,
during September 14–15, 2006. The workshop was part of the ALGO 2006 event
that also hosted ESA, WABI, IWPEC, and ATMOS. The three previous WAOA
workshops were held in Budapest (2003), Rome (2004), and Palma de Mallorca
(2005). The proceedings of these previous WAOA workshops have appeared as
LNCS volumes 2909, 3351 and 3879, respectively.

Topics of interest for WAOA 2006 were: algorithmic game theory, approxi-
mation classes, coloring and partitioning, competitive analysis, computational
finance, cuts and connectivity, geometric problems, inapproximability results,
mechanism design, network design, packing and covering, paradigms for design
and analysis of approximation and online algorithms, randomization techniques,
real-world applications, and scheduling problems. In response to the call for pa-
pers, we received 62 submissions. Each submission was reviewed by at least three
referees, and the vast majority by at least four referees. The submissions were
mainly judged on originality, technical quality, and relevance to the topics of the
conference. Based on the reviews, the Program Committee selected 26 papers.

We are grateful to Andrei Voronkov for providing the EasyChair conference
system, which was used to manage the electronic submissions, the review process,
and the electronic PC meeting. It made our task much easier.

We would also like to thank all the authors who submitted papers to WAOA
2006 as well as the local organizers of ALGO 2006.

November 2006 Thomas Erlebach
Christos Kaklamanis
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Alessandro Tiberi
Eric Torng
Denis Trystram
Carmine Ventre
Tjark Vredeveld
Oren Weimann
Prudence Wong
Michal Ziv-Ukelson
Vadim Zverovich



Table of Contents

Approximation Algorithms for Scheduling Problems with Exact
Delays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Alexander A. Ageev and Alexander V. Kononov

Bidding to the Top: VCG and Equilibria of Position-Based Auctions . . . . 15
Gagan Aggarwal, Jon Feldman, and S. Muthukrishnan

Coping with Interference: From Maximum Coverage to Planning
Cellular Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

David Amzallag, Joseph (Seffi) Naor, and Danny Raz

Online Dynamic Programming Speedups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Amotz Bar-Noy, Mordecai J. Golin, and Yan Zhang

Covering Many or Few Points with Unit Disks . . . . . . . . . . . . . . . . . . . . . . . 55
Mark de Berg, Sergio Cabello, and Sariel Har-Peled

On the Minimum Corridor Connection Problem and Other Generalized
Geometric Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Hans Bodlaender, Corinne Feremans, Alexander Grigoriev,
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Approximation Algorithms for Scheduling

Problems with Exact Delays�

Alexander A. Ageev and Alexander V. Kononov

Sobolev Institute of Mathematics, pr. Koptyuga 4, Novosibirsk, Russia
{ageev,alvenko}@math.nsc.ru

Abstract. We give first constant-factor approximations for various ca-
ses of the coupled-task single machine and two-machine flow shop schedu-
ling problems with exact delays and makespan as the objective function.
In particular, we design 3.5- and 3-approximation algorithms for the
general cases of the single-machine and the two-machine problems, re-
spectively. We also prove that the existence of a (2 − ε)-approximation
algorithm for the single-machine problem as well as the existence of a
(1.5 − ε)-approximation algorithm for the two-machine problem implies
P=NP. The inapproximability results are valid for the cases when the
operations of each job have equal processing times and for these cases
the approximation ratios achieved by our algorithms are very close to
best possible: we prove that the single machine problem is approximable
within a factor of 2.5 and the two-machine problem is approximable
within a factor of 2.

1 Introduction

In this paper we consider two scheduling problems with exact delays. In both
problems a set J = {1, . . . , n} of independent jobs is given. Each job j ∈ J
consists of two operations with processing times aj and bj separated by a given
intermediate delay lj, which means that the second operation of job j must start
processing exactly lj time units after the first operation of job j has been com-
pleted. In the single machine problem all operations are executed by a single
machine. In the two-machine (flow shop) problem the first operations are exe-
cuted by the first machine and the second ones by the second one. It is assumed
that at any time no machine can process more than one operation and no pre-
emptions are allowed in processing of any operation. The objective is to minimize
the makespan (the schedule length). Extending the standard three-field notation
scheme introduced by Graham et al. [6] we denote the single machine problem
by 1 | exact lj | Cmax and the two-machine problem by F2 | exact lj | Cmax.

The problems with exact delays arise in command-and-control applications in
which a centralized commander distributes a set of orders (associated with the
first operations) and must wait to receive responses (corresponding to the second

� Research supported by the Russian Foundation for Basic Research, projects 05-01-
00960, 06-01-00255.

T. Erlebach and C. Kaklamanis (Eds.): WAOA 2006, LNCS 4368, pp. 1–14, 2006.
c© Springer-Verlag Berlin Heidelberg 2006
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operations) that do not conflict with any other (for more extensive discussion
on the subject, see [4,8]). Research papers on problem 1 | exact lj | Cmax are
mainly motivated by applications in pulsed radar systems, where the machine is a
multifunctional radar whose purpose is to simultaneously track various targets by
emitting a pulse and receiving its reflection some time later [2,5,7,4,8]. Coupled-
task scheduling problems with exact delays also arise in chemistry manufacturing
where there often may be an exact technological delay between the completion
time of some operation and the initial time of the next operation.

1.1 Related Work

Farina and Neri [2] present a greedy heuristic for a special case of problem
1 | exact lj | Cmax. Izquierdo-Fuente and Casar-Corredera [5] develop a Hopfield
neural network for the problem. Elshafei et al. [4] present a Lagrange relax-
ation algorithm based on a discretization of the time horizon. Orman and Potts
[7] establish that the problem is strongly NP-hard even in some special cases.
In particular, they prove it for 1 | exact lj , aj = bj = lj | Cmax. Yu [9], [10]
proves that the two machine problem F2 | exact lj | Cmax is strongly NP-hard
even in the case of unit processing times, which implies that the single machine
problem is strongly NP-hard in the case of unit processing times as well (see
[10]). Ageev and Baburin [1] present non-trivial constant-factor approximation
algorithms for both the single and two machine problems under the assump-
tion of unit processing times. More specifically, in [1] it is shown that problem
1 | exact lj , aj = bj = 1 | Cmax is approximable within a factor of 7/4 and
problem F2 | exact lj aj = bj = 1 | Cmax, within a factor of 3/2.

1.2 Our Results

In this paper we present first constant-factor approximation algorithms for the
general cases of 1 | exact lj | Cmax and F2 | exact lj | Cmax. We construct
a 3.5-approximation algorithm for solving the single machine problem and 3-
approximation algorithms for its special cases when aj ≤ bj, or aj ≥ bj for all
j ∈ J . We also show that the latter algorithms provide a 2.5-approximation
for the case when aj = bj for all j ∈ J . Moreover, we prove that problem
1 | exact lj | Cmax is not (2 − ε)-approximable unless P=NP even in the case
of aj = bj for all j ∈ J . Addressing problem F2 | exact lj | Cmax we present a
3-approximation algorithm for the general case and show that it provides a 2-
approximation for the cases when aj ≤ bj, or aj ≥ bj for all j ∈ J . Furthermore,
we prove that the problem is not (1.5 − ε)-approximable unless P=NP even in
the case of aj = bj for all j ∈ J . All designed algorithms can be implemented
in O(n log n) time. The inapproximability results show that the approximation
ratios achieved by our algorithms in the cases when aj = bj for all j ∈ J are
very close to best possible: the single machine problem is approximable within
a factor of 2.5 and not approximable within a factor of (2− ε); the two machine
problem is approximable within a factor of 2 and not approximable within a
factor of (1.5 − ε). Approximability results established to date for the problems
are summarized in Table 1.
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Table 1. A summary of the approximability results

problem appr. factor inappr. bound ref.

1 | exact lj , | Cmax 3.5 2 − ε this paper

1 | exact lj , aj ≤ bj | Cmax 3 2 − ε this paper

1 | exact lj , aj ≥ bj | Cmax 3 2 − ε this paper

1 | exact lj , aj = bj | Cmax 2.5 2 − ε this paper

1 | exact lj , aj = bj = 1 | Cmax 1.75 [1]

F2 | exact lj | Cmax 3 1.5 − ε this paper

F2 | exact lj , aj ≤ bj | Cmax 2 1.5 − ε this paper

F2 | exact lj , aj ≥ bj | Cmax 2 1.5 − ε this paper

F2 | exact lj , aj = bj = 1 | Cmax 1.5 [1]

1.3 Basic Notation

For both problems an instance will be represented as a collection of triples
{(aj , lj, bj) : j ∈ J} where J = {1, . . . , n} is the set of jobs, aj and bj are
the lengths of the first and the second operations of job j, respectively and lj
is the given delay between these operations. As usual, we assume that all input
numbers are nonnegative integers. For a schedule σ and any j ∈ J , denote by
σ(j) the starting time of the first operation of job j. As the starting times of the
first operations uniquely determine the starting times of the second operations,
any feasible schedule is uniquely specified by the collection of starting times of
the first operations {σ(1), . . . , σ(n)}. For a schedule σ and any j ∈ J , denote by
Cj(σ) the completion time of job j in σ; note that Cj(σ) = σ(j) + lj + aj + bj

for all j ∈ J . The length of a schedule σ is denoted by Cmax(σ) and thus
Cmax(σ) = maxj∈J Cj(σ). The length of a shortest schedule is denoted by C∗

max.
The remainder of the paper is organized as follows. In Section 2 and 3 we

describe and analyze the algorithms for the single machine and two-machine
problems, respectively. Section 4 contains the inapproximability results.

2 Algorithms for the Single Machine Problem

In this section we describe and analyze approximation algorithms for the general
and some special cases of the single machine problem.

2.1 Algorithms for Special Cases

We begin with presenting algorithm 1M≤ for the case when aj ≤ bj for all j ∈ J .
Informally, the algorithm sorts the jobs in nonincreasing order of delays and

then successively constructs segments of the output schedule, which we call blocks.
An s-th block is the maximum possible subsequence of jobs {js, . . . , js+1−1} that
admits a feasible schedule in which the machine continuously processes the second
operations of j1, . . . , js+1−1. The performance analysis is based on the remarkable
observation that the total idle time within each block except the first one can be
evaluated via the processing times of the previously scheduled jobs.
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Algorithm 1M≤.

Phase I (jobs ordering). Number the jobs in the following way:

a1 + l1 ≥ a2 + l2 ≥ . . . ≥ an + ln . (1)

Phase II (constructing indices js). By examining the set of jobs in the order
j = 1, . . . , n compute the indices j1 < j2 < . . . < jr ≤ n in the following way.

Step 1. Set j1 = 1. If
∑t−1

s=1 bs ≤ lt for all t = 2, . . . , n, then set r = 1, otherwise
go to Step 2.

Step k(k ≥ 2). Set jk to be equal to the minimum index among indices t > jk−1

such that
∑t−1

s=jk−1
bs > lt. If jk = n or

∑t−1
s=jk

bs ≤ lt for all t = jk + 1, . . . , n,
then set r = k, otherwise go to Step k + 1.

Phase III (constructing the schedule). Set σ(j1) = σ(1) = 0. If r > 1, then
for s = 2, . . . , r set

σ(js) = σ(js−1) + ajs−1 + ljs−1 +
js−1∑

k=js−1

bk . (2)

For every j ∈ J \ {j1, . . . , jr}, set

σ(j) = σ(js) + ajs + ljs − aj − lj +
j−1∑

k=js

bk (3)

where s is the maximum index such that js < j.

Example. Consider the following instance of problem 1 | exact lj, aj ≤ bj | Cmax

(the jobs are ordered according to Phase I):

{(1, 6, 2), (2, 4, 3), (1, 5, 4), (1, 3, 2), (1, 3, 1), (1, 2, 3)}.
Phase II finds that i1 = 1, i2 = 4, i3 = 6, i. e., we have three blocks: B1 =
{1, 2, 3}, B2 = {4, 5}, B3 = {6}. Finally, Phase III computes the schedule σ:
σ(1) = 0, σ(2) = 3, σ(3) = 6, σ(4) = 16, σ(5) = 18, σ(6) = 23 (see Fig. 1).

Correctness and running time. For convenience, set jr+1 = n + 1. Note
that the set of jobs J splits into r disjoint subsets Bs = {js, . . . , js+1 − 1},
s = 1, . . . , r (we will further refer to them as blocks). The following lemma shows
that algorithm 1M≤ constructs a feasible schedule and describes its structure.

Lemma 1. Let 1 ≤ s ≤ r.

(i) For any two jobs j′, j′′ ∈ Bs such that j′ < j′′, σ(j′′) ≥ σ(j′) + aj′ .
(ii) For any job j ∈ Bs, the first operation of j completes before starting the

second operation of job js.
(iii) The completion time of job js+1 − 1 coincides with the starting time of the

first operation of job js+1.
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1 2 1 23 3 4 45 5 6 6

t=0 t

Fig. 1. The schedule constructed by algorithm 1M≤

(iv) Within the time interval

[σ(js), σ(js) + ajs
+ ljs

+
js+1−1∑

k=js

bk]

the machine executes both operations of each job in Bs and only these
operations.

(v) Within the time interval [σ(js), σ(js) + a
js

+ l
js

] the machine processes the
first operations of all jobs in Bs in the order js, . . . , js+1 −1 and only these
operations (with possible idle times).

(vi) Within the time interval

[σ(js) + a
js

+ l
js

, σ(js) + a
js

+ l
js

+
js+1−1∑

k=js

bk]

the machine without idle times processes the second operations of all jobs
in Bs in the order js, . . . , js+1 − 1.

Proof. First observe that (i), (iii), and (vi) imply (iv); (i), (ii), (iii) yield (v) as
well.

Now let j′, j′′ ∈ Bs and j′′ > j′. By (3) we obtain that

σ(j′′) − σ(j′) = σ(js) + ajs + ljs − aj′′ − lj′′ +
j′′−1∑

k=js

bk

−
(
σ(js) + ajs + ljs − aj′ − lj′ +

j′−1∑

k=js

bk

)

= aj′ + lj′ − aj′′ − lj′′ +
j′′−1∑

k=j′
bk . (4)

By using bj′ ≥ aj′ , (4), and (1) we obtain

σ(j′′) − σ(j′) − aj′ ≥ bj′ + lj′ − aj′′ − lj′′ ≥ aj′ + lj′ − aj′′ − lj′′ ≥ 0 ,

which proves (i). Let j ∈ Bs. Then by the construction of js,
∑j−1

k=js
bk ≤ lj . By

(3) it follows that

σ(j) + aj = σ(js) + ajs + ljs − lj +
j−1∑

k=js

bk ≤ σ(js) + ajs + ljs ,
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which yields (ii). Next we have

Cjs+1−1(σ) = σ(js+1 − 1) + ajs+1−1 + ljs+1−1 + bjs+1−1

(by (3) = σ(js) + a
js

+ l
js
− ajs+1−1 − ljs+1−1

+
js+1−2∑

k=js

bk + ajs+1−1 + ljs+1−1 + bjs+1−1

= σ(js) + a
js

+ l
js

+
js+1−1∑

k=js

bk

(by (2)) = σ(js+1) ,

which establishes (iii). By (4) we have that

σ(j′′) + aj′′ + lj′′ = σ(j′) + aj′ + lj′ +
j′′−1∑

k=j′
bk ≥ σ(j′) + aj′ + lj′ + bj′ , (5)

which means that the second operation of job j′′ starts after the completion of job
j′. Moreover, if j′′ = j′ + 1, then the inequality in (5) holds with equality, which
means that the second operation of job j′′ starts exactly after the completion of
job j′ and thereby (vi) is verified. ��
It is easy to see that the most time consuming part of the algorithm is the sorting
on Phase I and so its running time is O(n log n).

Approximation ratio. First, note that C∗
max is at least the load of the machine

and the maximum length of a job, i. e.,

C∗
max ≥ max{

n∑

j=1

(aj + bj), max
j∈J

(aj + bj + lj)} . (6)

For s = 1, . . . , r, set Hs = a
js

+ l
js

+
∑js+1−1

k=js
bk. By (iv) and (vi) of Lemma 1

Cmax(σ) =
r∑

s=1

Hs =
r∑

s=1

(a
js

+ l
js

) +
n∑

j=1

bj . (7)

Recall that by the construction of js for each s ≥ 2,
∑js−1

k=js−1
bk > ljs . Hence (7)

implies that

Cmax(σ) ≤
r∑

s=1

a
js

+ l1 +
r∑

s=2

js−1∑

k=js−1

bk +
n∑

j=1

bj

≤
( r∑

s=1

a
js

+
n∑

j=1

bj

)
+

n∑

j=1

bj + l1 . (8)
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Thus by (6) for the case when aj ≤ bj for all j ∈ J , we have Cmax(σ) ≤ 3 ·C∗
max.

In the case when aj = bj for all j ∈ J , (6) implies that
∑n

j=1 bj ≤ 1
2C∗

max,
which together with (8) yields Cmax(σ) ≤ 5

2 · C∗
max. Summing up we obtain the

following

Theorem 1

(i) Algorithm 1M≤ finds a schedule of length at most thrice the length of a
shortest schedule.

(ii) When applied to problem 1 | exact lj , aj = bj | Cmax algorithm 1M≤ finds
a schedule of length at most 2.5 times the length of a shortest schedule. ��

Observe that problem 1 | exact lj , aj ≥ bj | Cmax reduces to problem 1 | exact lj ,
aj ≤ bj | Cmax by the standard inverse of the time axis. Thus 1 | exact lj , aj ≥
bj | Cmax can be solved within a factor of 3 of the length of an optimal schedule
as well.

2.2 Algorithm for the General Case

Let I = {(aj , lj , bj) : j ∈ J} be an instance of 1 | exact lj | Cmax.

Algorithm 1M.

1. If
∑n

j=1 aj >
∑n

j=1 bj , replace I = {(aj , lj, bj) : j ∈ J} by the symmetrical
instance {(bj , lj, aj) : j ∈ J} (which is equivalent to the inverse of the time
axis).

2. Form the new instance I∗ = {(aj, lj , bj) : j ∈ J} where bj = max{aj , bj}
(note that I∗ is an instance of 1 | exact lj , aj ≤ bj | Cmax.)

3. By applying Algorithm 1M≤ to I∗ find a schedule σ.
4. If

∑n
j=1 aj ≤ ∑n

j=1 bj output σ; otherwise output the inverse of σ.

Running time. It is clear that the running time of Algorithm 1M is of the same
order as that of Algorithm 1M≤, i. e., the algorithm runs in time O(n log n).

Approximation ratio. Clearly, we may assume that
n∑

j=1

aj ≤
n∑

j=1

bj . (9)

By (8) and the construction of bj , we have

Cmax(σ) ≤
( r∑

s=1

ajs
+

n∑

j=1

bj

)
+

n∑

j=1

bj + l1

=
( r∑

s=1

ajs
+

n∑

j=1

max{aj, bj}
)

+
n∑

j=1

max{aj, bj} + l1

≤
r∑

s=1

a
js

+ 2
n∑

j=1

(aj + bj) + l1 .
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Since by (9),
∑r

s=1 a
js

≤ ∑n
j=1 aj ≤ 1

2

∑n
j=1(aj + bj), it follows that

Cmax(σ) ≤ 5
2

n∑

j=1

(aj + bj) + l1

(by (6)) ≤ 7
2
C∗

max .

Thus we arrive at the following

Theorem 2. Algorithm 1M finds a schedule of length at most 3.5 times the
length of a shortest schedule. ��
Tightness. We now present an example demonstrating that the approximation
bound established for Algorithm 1M ≤ cannot be improved on with respect to
the lower bound (6). Let x be a positive integer and k = 2x − 1. Consider the
instance of problem 1 | exact lj , aj ≤ bj | Cmax consisting of one job (1, k(x +
1), x) and k identical jobs (1, x − 1, x). So we have n = k + 1. It is easy to see
that algorithm 1M≤ outputs a schedule σ consisting of n blocks and thus

Cmax(σ) = 1 + k(x + 1) + x + k(1 + x − 1 + x) = 3kx + k + 1 + x = 3kx + 3x .

On the other hand, the lower bound (6) is

LB = max{1 + x + k + kx, 1 + x + k(x + 1)} = (k + 1)(x + 1) .

Thus
Cmax(σ)

LB
=

3kx + 3x

(k + 1)(x + 1)
=

3(2x − 1)x + 3x

2x(x + 1)
=

6x2

2x2 + 2x
,

which tends to 3 as x → ∞.
A similar construction shows that an approximation factor of 2.5 is tight with

respect to the lower bound (6) for the case when aj = bj for all j ∈ J .

3 Algorithm for the Two-Machine Problem

In the section we present a constant-factor approximation algorithm for the two-
machine problem. We analyze its performance in general and some special cases
of the problem. Theorem 5 shows that the approximation ratio of this rather
simple algorithm is surprisingly close to best possible.

Algorithm 2M.

Phase I (jobs ordering). Number the jobs in the following way:

a1 + l1 ≤ a2 + l2 ≤ . . . ≤ an + ln . (10)

Phase II (constructing the schedule). Set σ(1) = 0. For j = 2, . . . , n, set

σ(j) = max{σ(j − 1) + aj−1, σ(j − 1) + bj−1 + aj−1 + lj−1 − aj − lj} . (11)
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Example. Consider the following instance of problem F2 | exact lj | Cmax (the
jobs are ordered according to Phase I):

{(1, 2, 3), (3, 1, 1), (1, 3, 4), (2, 3, 2)} .

Phase II computes the schedule σ with σ(1) = 0, σ(2) = 2, σ(3) = 5, σ(4) = 8
(see Fig. 2).

1

1

2

2

3

3

4

4

tt=0

Fig. 2. The schedule constructed by algorithm 2M

Correctness and running time. By (11) for any j = 2, . . . , n, σ(j) ≥ σ(j −
1) + aj−1, which guarantees that the first operations of different jobs do not
overlap. Moreover, by (11) for any j = 2, . . . , n,

Cj(σ) − bj = σ(j) + aj + lj ≥ σ(j − 1) + aj−1 + bj−1 + lj−1 = Cj−1(σ) , (12)

which means that the second operation of job j starts after the completion of
the second operation of the previous job j−1, j = 2, . . . , n. Therefore the second
operations of different jobs do not overlap as well. Thus σ is a feasible schedule.

It is clear that the algorithm can be implemented in O(n log n) time.

Approximation ratio

Theorem 3

(i) Algorithm 2M finds a schedule of length at most thrice the length of a
shortest schedule.

(ii) When applied to the special cases where aj ≤ bj, or aj ≥ bj for all j ∈ J ,
algorithm 2M finds a schedule of length at most twice the length of a shortest
schedule.

Proof. Observe that C∗
max is at least the maximum load of machines and the

maximum job length, i. e.,

C∗
max ≥ max{max

j∈J
(aj + bj + lj),

∑

j∈J

aj ,
∑

j∈J

bj} . (13)

By (12) job n is the last job processed on machine 2, which means that the
length of σ coincides with the completion time of this job, i. e.,

Cmax(σ) = σ(n) + an + bn + ln . (14)
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Since σ(1) = 0, we have

σ(n) =
n∑

j=2

(
σ(j) − σ(j − 1)

)
. (15)

By (10) and (11), for j = 2, . . . , n,

σ(j) ≤ max{σ(j − 1) + aj−1, σ(j − 1) + bj−1}
= σ(j − 1) + max{aj−1, bj−1} .

By (15), it follows that σ(n) ≤ ∑n
j=2 max{aj−1, bj−1} and by (14),

Cmax(σ) ≤
n∑

j=2

max{aj−1, bj−1} + an + bn + ln . (16)

By (13) it follows that in the case of arbitrary aj and bj, Cmax(σ) ≤ 3C∗
max and

in the case when aj ≥ bj or bj ≥ aj for all j ∈ J , Cmax(σ) ≤ 2C∗
max. ��

Tightness. As above we present an example validating that an approximation
factor of 3 cannot be improved on with respect to the lower bound (13). Let k
be a positive integer. Consider the instance of F2 | exact lj | Cmax consisting of
k +1 identical jobs (1, k2, k) and k identical jobs (k, k2− k +1, 1), i. e., the total
number of jobs n = 2k + 1. As aj + lj = 1 + k2 for all j ∈ J , Phase I may index
the jobs in the following alternating order:

(1, k2, k), (k, k2 − k + 1, 1), (1, k2, k), (k, k2 − k + 1, 1), . . . , (1, k2, k) .

It is easy to see that using this order Phase II computes the schedule σ with
σ(2s + 1) = 2ks and σ(2s) = k + 2ks for s = 1, . . . , k (the case of k = 3 is
depicted in Fig. 3). Therefore the completion time of the last operation on the
first machine is 2k2 + 1 and so

Cmax(σ) = 2k2 + 1 + k2 + k = 3k2 + k + 1 .

On the other hand, the lower bound LB = k2 + 2k. Thus

Cmax(σ)
LB

=
3k2 + k + 1

k2 + 2k
,

which tends to 3 as k → ∞.
The tightness of an approximation factor of 2 for the case of aj = bj for all

j ∈ J is an easy exercise.

4 Inapproximability Lower Bounds

In this section we establish inapproximability lower bounds for both problems.
To this end we construct specific polynomial-time reductions from the following
well-known NP-complete problem [3]:
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1

1

2

2

3

3

4

4

5

5

6

6

7

7

t=0 t

Fig. 3. The case of k = 3

Partition

Instance: Nonnegative numbers w1, . . . , wm.

Question: Does there exist a subset X ⊆ {1, . . . , m} such that
∑

k∈X wk = S
where S = 1

2

∑m
k=1 wk?

4.1 Problem 1 | exact lj, aj = bj | Cmax

Let I be an instance of Partition. Define an instance I∗ = {(aj, lj , bj) : j ∈ J}
of problem 1 | exact lj , aj = bj | Cmax. Let J = {1, . . . , m + 3} and

aj = bj = wj , lj = (2q + 3)S − wj for j = 1, . . . , m ,

aj = bj = S, lj = (2q + 4)S for j = m + 1, m + 2 ,

am+3 = bm+3 = qS, lm+3 = 0

where q is a positive integer.

Lemma 2

(i) If
∑

k∈X wk = S for some subset X ⊆ {1, . . . , m}, then C∗
max = (2q + 8)S.

(ii) If
∑

k∈X wk 
= S for all X ⊆ {1, . . . , m}, then C∗
max ≥ (4q + 3)S.

Proof.
(i). First, observe that since (2q+8)S is the load of the machine, C∗

max ≥ (2q+
8)S. Now we present a schedule σ with Cmax(σ) = (2q + 8)S. Set σ(m + 1) = 0,
σ(m+2) = 2S, σ(m+3) = 4S, and in an arbitrary order put the first operations
of j ∈ X within the interval [S, 2S] and the first operations of j ∈ {1, . . . , m}\X
within the interval [3S, 4S] (see Fig. 4). Then the second operations of jobs in
X and in {1, . . . , m} \ X will be processed in the same order within the vacant
time intervals [2qS + 4S, 2qS + 5S] and [2qS + 6S, 2qS + 7S], respectively (see
Fig. 4). Thus Cmax(σ) = (2q + 8)S, as required.

m+1 m+2 m+1 m+2m+3 m+3

t=0 t

Fig. 4. The jobs in {1, . . . , m} are executed within the shaded intervals

(ii). Assume to the contrary that Cmax(σ) < (4q + 3)S for some feasible
schedule σ of I∗. We first claim that both operations of job m + 3 are processed
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between the first and second operations of each of the remaining jobs. Indeed, if
job m+3 is not processed between the operations of some job in {m+1, m+2},
then

Cmax(σ) ≥ 2qS + (2q + 4)S = 4qS + 4S

and if job m+3 is not processed between the operations of some job in {1, . . . , m},
then

Cmax(σ) ≥ 2qS + (2q + 3)S = 4qS + 3S .

Since the jobs m + 1 and m + 2 are identical, we may assume that σ(m + 1) <
σ(m + 2) < σ(m + 3). Then by the claim and the construction of I∗,

σ(m + 3) < Cm+3(σ) < Cm+1(σ) < Cm+2(σ) .

Since the first operations of all jobs in {1, . . . , m + 2} are processed before time
σ(m + 3),

σ(m + 3) ≥ 4S . (17)

By the above claim, σ(j) < σ(m+3) < Cm+3(σ) < Cj(σ) for all j ∈ {1, . . . , m}.
Assume that the first executable job is j ∈ {1, . . . , m}. Hence 0 = σ(j) ≤
σ(m + 1). Then by the definition of job j,

Cm+3(σ) ≤ Cj(σ) − wj = σ(j) + 2wj + 2qS + 3S − 2wj = 2qS + 3S .

Since Cm+3(σ) = σ(m + 3) + 2qS, it follows that σ(m + 3) ≤ 3S, contradicting
the fact that the first operations of all jobs in {1, . . . , m+2} are processed before
time σ(m + 3). Thus m + 1 is the first executable job, i. e., σ(m + 1) = 0. By
a similar way it can be shown (this also follows from the time axis symmetry)
that job m+2 is the last executable job. It follows that the second operations of
all jobs in {1, . . . , m} are processed within the interval [Cm+3(σ), Cm+2(σ) − S]
and thus we have

Cm+2(σ) − Cm+3(σ) ≥ 4S . (18)

Let T ′ = [σ(m + 3) − 3S, σ(m + 3)], T ′′ = [Cm+3(σ), Cm+3(σ) + 3S]. Then by
the construction of I∗, for any j ∈ {1, . . . , m}, σ(j) ∈ T ′ and Cj(σ) ∈ T ′′. Next,
by (17) we have that

Cm+3(σ) = σ(m + 3) + 2qS ≥ 2qS + 4S .

On the other hand, (18) implies that

σ(m + 3) ≤ σ(m + 2) + 2S . (19)

Thus the first operation of job m + 2 is processed within interval T ′ while (17)
implies that the second operation of job m + 1 is processed within interval T ′′.
Therefore we may define the following subintervals of T ′ and T ′′:

T1 = [σ(m + 3) − 3S, σ(m + 2)] ,

T2 = [σ(m + 2) + S, σ(m + 3)] ,

T3 = [Cm+3(σ), Cm+1(σ) − S] ,

T4 = [Cm+1(σ), Cm+3(σ) + 3S] .
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As |T1| + |T2| = |T3| + |T4| = 2S and the operations of all jobs in {1, . . . , m}
are processed within

⋃4
k=1 Tk, we have that

∑
j:σj∈Tk

wj = |Tk| for k = 1, 2, 3, 4,
where |Tk| stands for the length of Tk. In particular, it follows that within interval
T1 the machine without idle times executes the first operations of some jobs in
{1, . . . , m}. Then the second operations of these jobs are executed within interval
[Cm+3(σ), Cm+3(σ)+ |T1|], which therefore cannot contain the second operation
of job m + 1. This implies that

Cm+3(σ) + |T1| = Cm+3(σ) − σ(m + 3) + 3S + σ(m + 2)
= 2qS + 3S + σ(m + 2)
≤ Cm+1(σ) − S

= 2qS + 6S − S = 2qS + 5S

or, equivalently, σ(m + 2) ≤ 2S. By (19) it follows that σ(m + 3) ≤ 4S, which
together with (17) yields σ(m + 3) = 4S. Then

|T3| = Cm+1(σ) − S − Cm+3(σ) = 2qS + 6S − S − 4S − 2qS = S

and thus
∑

j:Cj(σ)∈T3
wj = |T3| = S, which contradicts the assumption of (ii).

��
The following is a straightforward corollary of the lemma.

Theorem 4. The existence of a (2 − ε)-approximation algorithm for problem
1 | exact lj , aj = bj | Cmax implies P=NP. ��

4.2 Problem F2 | exact lj, aj = bj | Cmax

Let I be an instance of Partition. Define an instance I∗ = {(aj, lj , bj) : j ∈ J}
of F2 | exact lj , aj = bj | Cmax in the same way as in the above subsection, i.
e., set J = {1, . . . , m + 3} and

aj = bj = wj , lj = (2q + 3)S − wj for j = 1, . . . , m ,

aj = bj = S, lj = (2q + 4)S for j = m + 1, m + 2 ,

am+3 = bm+3 = qS, lm+3 = 0

where q is a positive integer. The proof of the next lemma is quite similar to
that of Lemma 2.

Lemma 3

(i) If
∑

k∈X wk = S for some subset X ⊂ {1, . . . , m}, then C∗
max ≤ (2q + 8)S

(a schedule of length (2q + 8)S is depicted in Fig. 5).
(ii) If

∑
k∈X wk 
= S for all X ⊂ {1, . . . , m}, then C∗

max ≥ (3q + 3)S. ��
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m+1 m+2

m+1 m+2

m+3

m+3

t
t=0

Fig. 5. The jobs in {1, . . . , m} are executed within the shaded intervals

As above we arrive at the following corollary:

Theorem 5. The existence of a (1.5 − ε)-approximation algorithm for problem
F2 | exact lj, aj = bj | Cmax implies P=NP. ��
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Abstract. Many popular search engines run an auction to determine
the placement of advertisements next to search results. Current auctions
at Google and Yahoo! let advertisers specify a single amount as their
bid in the auction. This bid is interpreted as the maximum amount the
advertiser is willing to pay per click on its ad. When search queries arrive,
the bids are used to rank the ads linearly on the search result page.
Advertisers seek to be high on the list, as this attracts more attention
and more clicks. The advertisers pay for each user who clicks on their
ad, and the amount charged depends on the bids of all the advertisers
participating in the auction.

We study the problem of ranking ads and associated pricing mech-
anisms when the advertisers not only specify a bid, but additionally
express their preference for positions in the list of ads. In particular, we
study prefix position auctions where advertiser i can specify that she is
interested only in the top κi positions.

We present a simple allocation and pricing mechanism that general-
izes the desirable properties of current auctions that do not have position
constraints. In addition, we show that our auction has an envy-free [1]
or symmetric [2] Nash equilibrium with the same outcome in allocation
and pricing as the well-known truthful Vickrey-Clarke-Groves (VCG)
auction. Furthermore, we show that this equilibrium is the best such
equilibrium for the advertisers in terms of the profit made by each ad-
vertiser. We also discuss other position-based auctions.

1 Introduction

In the sponsored search market on the web, advertisers bid on keywords that
their target audience might be using in search queries. When a search query is
made, an online (near-real time!) auction is conducted among those advertisers
with matching keywords, and the outcome determines where the ads are placed
and how much the advertisers pay. We will first review the existing auction
model before describing the new model we study (a description can be found in
Chapter 6 of [3]).
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Current Auctions. Consider a specific query consisting of one or more keywords.
When a user issues that search query, the search engine not only displays the
results of the web search, but also a set of “sponsored links.” In the case of
Google, Yahoo, and MSN, these ads appear on a portion of the page near the
right border, and are linearly ordered in a series of slots from top to bottom.
(On Ask.com, they are ordered linearly on the top and bottom of the page).

Formally, for each search query, we have a set of n advertisers interested
in advertising. This set is usually derived by taking a union over the sets of
advertisers interested in the individual keywords that form the query. Advertiser
i bids bi, which is the maximum amount the advertiser is willing to pay for a
click. There are k < n positions available for advertisements. When a query for
that keyword occurs, an online auction determines the set of advertisements,
their placement in the positions, and the price per click each has to pay.

The most common auction mechanism in use today is the generalized second-
price (GSP) auction (sometimes also referred to as the next-price auction). Here
the ads are ranked in decreasing order of bid, and priced according to the bid of
the next advertiser in the ranking. In other words, suppose wlog that b1 ≥ b2 ≥
. . . ≥ bn; then the first k ads are placed in the k positions, and for all i ∈ [1, k],
bidder i gets placed in position i and pays bi+1 per click.1

We note two properties ensured by this mechanism:

1. (Ordering Property) The ads that appear on the page are ranked in decreas-
ing order of bi.

2. (Minimum Pay Property) If a user clicks on the ad at position i, the adver-
tiser pays the minimum amount she would have needed to bid in order to be
assigned the position she occupies.

Search engine companies have made a highly successful business out of these
auctions. In part, the properties above have dissuaded advertisers from trying
to game the auction. In particular, the minimum-pay property ensures that an
advertiser has no incentive to lower a winning bid by a small amount in order
to pay a lower price for the same position. Still, the GSP auction is not truth-
revealing, that is, an advertiser may be incentivized to bid differently than her
true value under certain conditions [4].

Only recently have we obtained a detailed formal understanding of the prop-
erties of this auction. Authors in [1,2,4] have analyzed the auction in terms
of its equilibria. They show that when the click-through rates are separable,
i.e. the click-through rate of an ad at a given position is the product of an
ad-specific factor and a position-specific factor, the GSP has a Nash equilib-
rium whose outcome is equivalent to the famous Vickrey-Clarke-Groves (VCG)
mechanism [5,6,7] which is known to be truthful. [1,2] go on to show that this
equilibrium is envy-free, that is, each advertiser prefers the current outcome
(as it applies to her) to being placed in another position and paying the price-
per-click being paid by the current occupant of the position. Further, among
1 The Google auction actually ranks according to wibi, for some weight wi related to

the quality of the ad, and then sets the price for bidder i to wi+1bi+1/wi. All our
results generalize to this “weighted” bid case as well.
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all the envy-free equilibria, the VCG equilibrium is bidder-optimal; that is, for
each advertiser, her price-per-click is minimum under this equilibrium. We note
that when the click-through rates are separable, the outcome produced by the
VCG mechanism has the ordering property. Authors in [4] also show that even
when the click-through rates are arbitrary, there is a pricing method with the
ordering property that is truthful. (This pricing method reduces to the VCG
pricing method when the click-through rates are separable.) Furthermore, they
show that the GSP has a Nash equilibrium that has the same outcome as their
mechanism. Together, these results provide some understanding of the current
auctions. That in turn provides confidence in the rules of the auction, and helps
support the vast market for search keyword advertising.

Emerging Position-Based Auctions. As this market matures, advertisers are be-
coming increasingly sophisticated. For example they are interested in the relative
performance of their ads and keywords, and so the search engines provide tools
to track statistics. As advertisers learn when and where their ads are most ef-
fective, they need more control over their campaigns than is provided by simply
stating a keyword and a bid.

One of the most important parameters affecting the performance of an adver-
tisement is its position on the page. Indeed, the reason the auction places the
ads in descending order on the page is that the higher ads tend to get clicked
on more often than the lower ones. In fact, having an ad place higher on the
page not only increases the chances of a click, it also has value as a branding
tool, regardless of whether the ad gets clicked. Indeed, a recent empirical study
by the Interactive Advertising Bureau and Nielsen//NetRatings concluded that
higher ad positions in paid search have a significant brand awareness effect [8].
Because of this, advertisers would like direct control over the position of their
ad, beyond just increasing the bid. Ideally, the search engine would conduct a
more general auction that would take such position preferences into account; we
refer to this as a position-based auction.

Our Results. In this paper, we initiate the study of position-based auctions where
advertisers can impose position constraints. In particular, we study the most
relevant case of prefix position constraints, inspired by the branding advertiser:
advertiser i specifies a position κi and a bid bi, which says that the advertiser
would like to appear only in the top κi positions (or not at all) and is willing to
pay at most bi per click. Upon receiving bids from a set of n such advertisers,
the search engine must conduct an auction and place ads into k positions while
respecting the prefix constraints.

Our main results are as follows. We present a simple auction mechanism that
has both the ordering and the minimum pay property, just like the current
auctions. The mechanism is highly efficient to implement, taking near-linear
time. Further, we provide a characterization of its equilibria. We prove that this
auction has a Nash equilibrium whose outcome is equivalent in allocation and
pricing to that of VCG. Additionally, we prove that this equilibrium is envy-free
and that among all envy-free equilibria, this particular one is bidder-optimal.
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Our results generalize those in [1,2], which proved the same thing for the GSP
without position constraints. The main difficulty in generalizing these results
lies in the fact that once you allow position constraints, the allocation function
of VCG no longer obeys the ordering property, thus making it challenging to
engineer an appropriate equilibrium. Our principal technical contributions are
new structural properties of the VCG allocation that allow us to relate the VCG
allocation with an auction that preserves the ordering property.

In the future, advertisers may want even more control over ad position. We
discuss more general position-based auctions at the end of the paper.

2 Prefix Position Auction Mechanisms

Formally, the prefix position auction problem is as follows. There are n advertis-
ers for a search keyword. They submit bids b1, . . . , bn respectively. There are k
positions for advertisements numbered 1, . . . , k, top to bottom. Each advertiser
i ∈ {1, . . . , n} also submits a cutoff position κi ≤ k, and requires that their
advertisements should not appear below position κi.

An auction mechanism consists of two functions:

– an allocation function that maps bids to a matching of advertisers to posi-
tions, as well as

– a pricing function that assigns a price per click ppcj to each position won
by an advertiser. We restrict our attention to mechanisms where the prices
always respect the bids; i.e., we have ppcj ≤ bi if i is assigned to j.

A natural allocation strategy that retains the ordering property is as follows:
rank the advertisers in decreasing order of bi as in GSP. Now, go through the
ranking one position at a time, starting at the top; if you encounter an advertiser
that appears below her bottom position κi, remove her from the ranking and
move everyone below that position up one position, and continue checking down
the rest of the list.

Two natural pricing strategies immediately come to mind here: (1) Set prices
according to the subsequent advertiser in the ranking before any advertiser is
removed, or (2) set prices according to the subsequent advertiser in the ranking
after all the advertisers are removed (more precisely, the ones that appear below
her position). It turns out that neither of these options achieves the minimum
pay property as shown by the following examples. Assume for the sake of these
examples that $0.05 is the amount used to charge for the last position.

Example 1. Suppose we set prices before removing out-of-position advertisers.
Now suppose we have the following ranges and bids where the number in paren-
theses is the position constraint κi:

A: (5) $5 B: (5) $4 C: (5) $3 D: (2) $2 E: (5) $1

We run the auction, and the order is (A, B, C, D, E). If we price now, the prices
are ($4, $3, $2, $1, $0.05). Bidder D gets removed and so we end up with (A, B, C, E),
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andwe charge ($4, $3, $2, $0.05).However, if bidder C had bid $1.50,which is below
what she was charged, the auction would still have ended up as (A, B, C, E). Thus,
the minimum pay property is violated by charging too much.

For a more intuitive reason why this is a bad mechanism, it would allow a
form of “ad spam”. Suppose a bidder sets her bottom cutoff to (2), but then bids
an amount that would never win position one or two. In this case, she drives up
the price for those that are later in the auction (e.g., competitors), at no risk
and no cost to herself.

Example 2. Now suppose we set the prices after removing out-of-position adver-
tisers, and we have the following bids and prefix constraints:

A: (5) $5 B: (5) $4 C: (2) $3 D: (5) $2

We run the auction, and the order is (A, B, C, D). Now we remove C and we
get the order (A, B, D). We price according to this order and so the prices are
($4, $2, $0.05). Bidder B bid $4 and paid $2; however, if B changed her bid to
$2.50, then bidder C would have gotten second position. Thus the minimum pay
property is violated, but this time because we are charging too little.

As for intuition, this option opens up a possible “race for the bottom” sit-
uation. Suppose we have a group of bidders only interested in positions 1-4
(perhaps because those appear on the page without scrolling). The winners of
the top three positions pay according to the competitive price for those top
positions, but the winner of position 4 pays according to the winner of posi-
tion 5, who could be bidding a much lower amount. Thus, these top bidders
have an incentive to lower their prices so that they can take advantage of this
bargain.

But now consider a third alternative, which will turn out to be the one that
achieves the minimum-pay property: For each advertiser that is allocated a par-
ticular position j, set the price according to the first advertiser that appears later
in the original ranking that included j in her range. For an example of this
pricing method, consider the situations from the examples above:

In Example 1, the advertisers would be ranked (A, B, C, D, E), and then (A,
B, C, E) after removal. The price for A is set to $4, since B had position 1 in its
range. Similarly, the price for B is set to $3 since C had position 2 in its range.
The price for C is set to $1, however, since D did not include position 3 in its
range. The price for C is set to $0.05.

In Example 2, the advertisers would be ranked (A, B, C, D) and after removal
we get (A, B, D). The price for A is $4, but the price for B is now $3; even though
C did not win any position, it was still a participant in the auction, and was
bidding for position 2. The price for D is $0.05.

Top-down Auction. We now define an auction mechanism for prefix position
constraints that is equivalent to the final proposal above, and is easily seen to
have the minimum-pay property. Furthermore, this mechanism is exceedingly
easy to implement, taking time O(n log n).
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Definition 1. The top-down auction mechanism works as follows: For each po-
sition in order from the top, iteratively run a simple second-price auction (with
one winner) among those advertisers whose prefix range includes the position
being considered. By a “simple second-price auction,” we mean that the highest
bidder in the auction is allocated the position, and pays a price-per-click equal to
the second-highest bid. This winner is then removed from the pool of advertisers
for subsequent auctions and the iteration proceeds.

3 Analysis of the Top-Down Prefix Auction

We have found a natural generalization of GSP to use with prefix position con-
straints, and now we would like to know what properties this auction has. Since
GSP is a special case, we already know that the auction is not truthful [4]. But
from [2,1,4] we at least know something about the equilibria of GSP. It is natural
to ask whether or not these results hold true in our more general setting.

In this section, we answer this in the affirmative, and prove that the top-
down prefix auction has an “envy-free” Nash equilibrium whose outcome (in
terms of allocation and pricing) is equivalent to that of VCG. (“Envy-freeness”
is a stronger condition than is imposed by the Nash equilibrium, dictating
that no bidder envies the allocation and price of any other bidder.) We go
on to prove that this equilibrium is the bidder-optimal envy-free Nash equi-
librium in the sense that it maximizes the “utility” (or profit) made by each
advertiser.

Definitions. Each position j has an associated click-through rate cj > 0 which
is the probability that a user will click on an ad in that position. Using the idea
that higher positions receive more clicks, we may assume c1 > c2 > . . . > ck.
To make the discussion easier, we will abuse this notation and say that an ad in
position j “receives cj clicks,” even allowing cj > 1 for some examples.

Each advertiser has a valuation vi it places on a click, as long as that click
comes from one of its desired positions. Using the “branding” motivation, we
assume a valuation of −∞ if an ad even appears at a position below its bottom
cutoff κi. Since cj > 0 for all positions j, we can (equivalently) think of this as a
valuation of −∞ on a click below position κj . So, given some total price p (for
all the clicks) for a position j, the utility of bidder i is defined as ui = cjvi − p
if j ≤ κi, and −∞ otherwise.2

The Vickrey-Clarke-Groves (VCG) Auction. The VCG auction mechanism [5,6,7]
is a very general technique that can be applied in a wide range of settings. Here
we give its application to our problem. For a more general treatment, we refer
the reader to Chapter 23 of [9].
2 Note that we are making the assumption that click-through rates are dependent

only on the position and not on the ad itself. Our results hold as long as the click-
through rates are separable, i.e. the click-through rate of an ad at a given position is
the product of a per-position factor and a per-advertiser factor. More general forms
of click-through rate would require further investigation.
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Let Θ represent the allocation of bidders to positions that maximizes the to-
tal valuation on the page; i.e., Θ is a matching M of advertisers i to positions
j that respects the position constraints (j ≤ κi), and maximizes

∑
(i,j)∈M vicj .

Note that this assignment could also have empty slots, but they must be con-
tiguous at the bottom end. The Θ allocation is the most “efficient” allocation,
but an allocation function in an auction mechanism has access to the bids bi not
the valuations vi. So instead, the VCG allocation M∗ is the matching M that
maximizes

∑
(i,j)∈M bicj .

Intuitively, the VCG price for a particular bidder is the total difference in
others’ valuation caused by that bidder’s presence. To define this pricing function
formally, we need another definition: Let M∗−x be the VCG allocation that would
result if bidder x did not exist. More formally, this allocation is the matching M
that does not include bidder x and maximizes

∑
(i,j)∈M bicj .

The VCG price for bidder i in position j is then pj = M∗
−i −M∗ + cjbi. (Here

we are abusing notation and using M∗ and M∗
−i to denote the total valuation of

the allocation as well as the allocation itself.) Note that pj is a total price for all
clicks at that position, not a per-click price. Only in the case that bi = vi does
the VCG mechanism actually successfully compute Θ. However, it is well-known
(see [9] for example) that the pricing method of VCG ensures that each bidder
is incentivized to actually reveal their true valuation and set bi = vi. This holds
regardless of the actions of the other bidders, a very strong property referred
to as “dominant-strategy truthfulness.” Thus in equilibrium, we get bi = vi,
M∗ = Θ, and M∗

−i = Θ−i, where Θ−i is the Θ allocation that would result if
bidder i did not exist.

For convenience, for the remainder of paper we rename the bidders by the slots
to which they were assigned in Θ, even when we are talking about the top-down
prefix auction. The unassigned bidders are renamed to (k +1, . . . , n) arbitrarily.
We will use pi = Θ−i − Θ + civi to denote the VCG price (at equilibrium) for
position (and bidder) i.

Envy-Free Nash Equilibria and the GSP Auction. The VCG mechanism is de-
sirable because it has an equilibrium that results in the most efficient allocation
according to the true valuations of the bidders. Furthermore this equilibrium
occurs when each bidder actually reveals their true valuations. The GSP auc-
tion (without position constraints) does not have this second property, but in
fact it does have the first: namely that it has an equilibrium whose allocation
is the most efficient one (this was proved in [1,2,4]). Furthermore, this equilib-
rium also results in the same prices that result from VCG. This validates the
GSP from an incentive-compatibility point of view, and shows that the ordering
property does not preclude efficiency. This equilibrium also has the following
property:

Definition 2. An allocation and pricing is an envy-free equilibrium if each bid-
der prefers the current outcome (as it applies to her) to being placed in another
position and paying the price-per-click being paid by the current occupant of the
position.
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Moreover, among all envy-free Nash equilibria, this particular one is bidder-
optimal, in the sense that it results in the lowest possible price for each particular
advertiser. Note that in GSP, for a particular bidder, the only position for which
envy-freeness is not implied by Nash is the position directly above.

3.1 Equilibrium in the Top-Down Auction

It is natural to ask if all these properties also hold true in the presence of posi-
tion constraints. One of the difficulties in proving this comes from the fact that
the VCG allocation no longer preserves the ordering property, as shown by the
following simple example. Suppose advertiser A has bottom cutoff (2) and a bid
of $2, advertiser B has cutoff (1) and a bid of $1, and we have c1 = 101 and
c2 = 100. The VCG allocation gives position 1 to B and position 2 to A, for
a total revenue of ≈ $300. The top-down auction will give position 1 to A and
position 2 will be unfilled. The revenue is equal to ≈ $200.

Despite this, it turns out that there is an equilibrium of the top-down auction
where bidders end up in the optimal allocation, which we prove in our main
theorem:

Theorem 1. In the top-down prefix auction, there exists a set of bids and stated
position cutoffs such that

(a) each bidder is allocated to the same slot as she would be in the dominant-
strategy equilibrium of VCG,

(b) the winner of each slot pays the same total price as she would have in the
dominant-strategy equilibrium of VCG, and

(c) the bidders are in an envy-free Nash equilibrium.

Furthermore (d), for each advertiser, her utility under VCG outcomes is the
maximum utility she can make under any envy-free equilibrium. In other words, a
VCG outcome is a bidder-optimal envy-free equilibrium of the top-down auction.

The remainder of this section is devoted to proving this theorem. The bids that
satisfy this theorem are in fact quite simple: we set bi = pi−1/ci−1 for all bidders
i assigned in Θ. Thus, if we show that b1 > b2 > . . . > bk, we would get that
the top-down auction assigns the bidders exactly like Θ and sets the same prices
(modulo some technical details). This would prove (a) and (b) above.

The chain. To show that the bids are indeed decreasing, and to show (c), it
turns out that we need to prove some technical lemmas about the difference
between Θ and Θ−i for some arbitrary bidder i. In Θ−i, some bidder i′ takes
the place of i (unless i is in the last slot, in which case perhaps no bidder takes
this slot). In turn, some bidder i′′ takes the slot vacated by i′, etc., until either
the vacated slot is the bottom slot k, or some previously unassigned bidder is
introduced into the solution. We call this sequence of bidder movements ending
at slot i the “chain” of moves of Θ−i. Note that the chain has the property that
it begins either with an unassigned bidder, or with the bidder from the last slot
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and ends at slot i. If we consider the slots not on the chain, we claim that (wlog)
the assignment does not change on these slots when we go from Θ to Θ−i. This
is easily seen by substituting a purported better assignment on these slots back
into Θ. Note that this implies that Θ−i has at most one new bidder (that wasn’t
in Θ), and that no bidder besides i that was assigned in Θ has dropped out. The
chain is said to have minimum length if there is no shorter chain that achieves
the same valuation as Θ−i. A link in this chain refers to the movement of a
bidder i from slot i to some slot i′. We say that this is a downward link if i′ > i;
otherwise it is an upward link.

Lemma 1. The minimum length chain for Θ−i does not contain a downward
link followed by an upward link.

Proof. Suppose it does contain such a sequence. Then, some bidder i1 moved
from slot i1 to slot i2 > i1, and bidder i2 moved from slot i2 to a slot i3 < i2.
An alternate solution, and thus a candidate solution for Θ−i is to have bidder i1
move from slot i1 to slot i3, have bidder i2 remain in slot i2, and keep everything
else the same. (Bidder i1 can move to slot i3 since i3 < i2 and i2 is in range for
bidder i1 (by the fact that i1 moved to i2 in Θ−i).)

The difference between the two solutions is ci2(vi2 − vi1) + ci3(vi1 − vi2) =
(ci3−ci2)(vi1−vi2). We know ci3 > ci2 since i3 < i2. We also know vi1 ≥ vi2 since
otherwise Θ could switch bidders i1 and i2 (note again that bidder i1 can move
to slot i2, since it did so in Θ−i). Thus the difference is non-negative, and so this
alternate solution to Θ−i has either greater valuation or a shorter chain. ��
Lemma 2. Let x and y be arbitrary bidders assigned to slots x and y in Θ,
where x < y. Then, (i) if slot y is in the range of bidder x, we have Θ−y ≥
Θ−x + cy(vx − vy), and (ii) Θ−x ≥ Θ−y + cx(vy − vx).

Proof. (i) Consider the assignment of bidder y in Θ−x. Recall that for any i,
all bidders besides i present in Θ are also present in Θ−i. Thus y is present
somewhere in Θ−x. Note also that the minimum-length chain for Θ−x ends at
slot x, and so if y is present in this chain, it cannot follow a downward link;
otherwise the chain would contradict Lemma 1, since x is above y. Thus we may
conclude that y ends up in position y′ ≤ y. Since slot y is in range for bidder x by
assumption, we also have that y′ is in range for bidder x; thus we can construct
a candidate solution for Θ−y by replacing (in Θ−x) bidder y with bidder x. We
may conclude that Θ−y ≥ Θ−x + cy′(vx − vy) ≥ Θ−x + cy(vx − vy).

(ii) This time we need to consider the assignment of x in Θ−y. By the same
logic as above, bidder x is present somewhere, and if x either stayed in the same
place of moved up, we can replace x with y (in Θ−y) to get a candidate for Θ−x,
and we are done. The only remaining case is when x moves down in Θ−y and
this is a bit more involved.

Consider the section of the chain of Θ−y from bidder x to the end at bidder
y (who is below x). Since x is on a downward link, and downward links cannot
be followed by an upward link (Lemma 1), it must be the case that this section
of the chain is entirely downward links. Let x → x1 → x2 → . . . → x� → y be
this chain, and so we have x < x1 < x2 . . . < x� < y.
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We write the assignment of Θ to these � + 2 places using the notation [x, x1,
x2, . . . , x�, y], and consider other assignments to these slots using the same no-
tation. The solution Θ−y assigns these slots as [w, x, x1, . . . , x�], where w is the
bidder before x in the chain. For notational purposes define x�+1 = y.

Consider the following alternate solution constructed from Θ−y: change only
the assignments to these special �+2 slots to [w, x1, . . . , x�, y]. This is a candidate
for Θ−x and so by calculating the difference in valuation between this candidate
solution and Θ−y we get

Θ−x ≥ Θ−y +

(
�∑

i

vxi(cxi − cxi+1)

)

+ cyvy − cx1vx (1)

Putting this aside for now, consider the following alternate solution for Θ. Take
the assignment in Θ and change the assignment to only those � + 2 positions to
[y, x, x1, . . . , x�]. This is feasible since y moves up, and the remaining changes
are identical to Θ−y . Since this solution must have valuation at most that of Θ,

cxvy + cx1vx +
�∑

1

vxicxi+1 ≤ cxvx +

(
�∑

1

vxicxi

)

+ cyvy

⇐⇒ cx(vy − vx) ≤
(

�∑

1

vxi(cxi − cxi+1)

)

+ cyvy − cx1vx

This, combined with (1), implies (ii). ��

Now we are ready to prove the first part of our main theorem: that our bids give
the same outcome as VCG, and are indeed an envy-free equilibrium.

Proof of Theorem 1(a-c). The bids of the equilibrium are defined as follows.
For all bidders i > 1 assigned in Θ, we set bi = pi−1/ci−1. We set b1 to any
number greater than b2. For all bidders assigned in Θ, we set their stated cutoff
to their true cutoff κi. If there are more than k bidders, then for some bidder
α that was not assigned in Θ, we set bα = pk/ck, and set the stated cutoff of
bidder j to the bottom slot k. For all other bidders not in Θ, we set their bid to
zero, and their cutoff to their true cutoff.

Consider two arbitrary bidders x and y assigned in Θ, where x < y. Using
Lemma 2(ii), we get Θ−x ≥ Θ−y + cx(vy − vx). Substituting for Θ−x and Θ−y

using the definitions of px and py, respectively, we get:

px − cxvx ≥ py − cyvy + cx(vy − vx) ⇐⇒
(

vy − py

cy

)

cy ≥
(

vy − px

cx

)

cx

Since cy < cx, we get px

cx
>

py

cy
.

Since we chose x and y arbitrarily, we have just showed that b2 > . . . > bk,
and bk > bα if bidder α exists. We have b1 > b2 by definition, and all other bids
are equal to zero. Thus the bids are decreasing in the VCG order, and so the
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top-down auction will choose the same allocation as VCG. By construction, the
top-down auction will also have the same prices as VCG.

It remains to show that this allocation and pricing is an envy-free equilibrium.
Consider again two bidders x and y assigned in Θ with x < y. The utilities of x
and y are ux = cxvx − px and uy = cyvy − py. We must show that x does not
envy y, and that y does not envy x.

If y is out of range of bidder x, then certainly x does not envy y. If x is
in range of bidder y, then by Lemma 2(i), we get Θ−y ≥ Θ−x + cy(vx − vy).
Substituting for Θ−y and Θ−x using the definitions of py and px, we get

Θ + py − cyvy ≥ Θ + px − cxvx + cy(vx − vy)
⇐⇒ cyvx − py ≤ cxvx − px = ux.

Thus x does not envy y. Similarly, Lemma 2(ii) shows that y does not envy x.
Now consider some bidder z not assigned in Θ. We must show that bidder

z does not envy any bidder that is assigned a slot in the desired range of z.
Consider some such bidder y; replacing y with z creates a candidate for Θ−y.
Thus we have Θ−y ≥ Θ+cy(vz−vy), which becomes py = Θ−y−Θ+cyvy ≥ cyvz .
This implies that z does not envy y. ��

Now it remains to show the second part of Theorem 1, namely that among all
envy-free equilibria, the one we define is optimal for each bidder. First we give
a lemma showing that envy-freeness in the top-down auction implies that the
allocation is the same as VCG. Then we use this to compare our equilibrium
with an arbitrary envy-free equilibrium.

Lemma 3. Any envy-free equilibrium of the top-down auction has an allocation
with optimal valuation.

Proof. For the purposes of this proof, we will extend any allocation of bidders to
slots to place all n bidders into “slots”. For this, we will introduce dummy slots
indexed by integers greater than k, with click-through rate ci = 0. We index the
bidders according to their (extended) allocation in Θ.

For the purposes of deriving a contradiction, let E, p be the allocation and
pricing for an envy-free equilibrium of the top-down auction such that the val-
uation of E is less than Θ. Thus, pi refers to the price of slot i in this envy-free
equilibrium. Define a graph on n nodes, one for each slot. For each bidder i,
make an edge from i to j, where j is the slot in which bidder i is placed in
E; i.e., bidder i is in slot i in Θ and in slot j in E. Note that this graph is a
collection of cycles (a self-loop is possible, and is defined as a cycle).

Define the weight of an edge (i, j) to be the change in valuation caused by
bidder i moving from slot i in Θ to slot j in E. So, we have that the weight
of (i, j) is equal to vi(cj − ci). Since the total change in valuation from Θ to E
is negative by definition, the sum of the weights of the edges is negative. This
implies that there is a negative-weight cycle Y in the graph, and so we have

∑

(i,j)∈Y

vi(cj − ci) < 0. (2)
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By the fact that E is envy-free, for each edge (i, j), we also have that bidder
i would rather be in slot j than in slot i (under the prices p imposed by the
envy-free equilibrium). In other words, vicj − pj ≥ vici − pi. Rearranging and
summing over the edges in Y , we get

∑

(i,j)∈Y

vi(cj − ci) ≥
∑

(i,j)∈Y

pj − pi = 0. (3)

(The sum on the right-hand side equals zero from the fact that Y is a cycle.)
Equations (2) and (3) together give us a contradiction. ��
Note that the profit of an advertiser i is the same under all VCG outcomes, and
is equal to the difference in valuation between Θ and Θ−i.

Proof of Theorem 1(d). Consider some envy-free equilibrium E of the top-
down auction. This equilibrium must have an allocation with optimal valuation
(by Lemma 3). We will call this allocation Θ. Let {pE

i }i be the price of slot i in
this equilibrium; We will rename the bidders such that bidder i is assigned to
slot i by allocation Θ. Consider one such bidder x assigned to slot x. Consider
the chain x� → x�−1 → . . . → x0 = x for Θ−x. (Here bidder xj moves from slot
xj in Θ to slot xj−1 in Θ−x.) By the fact that E is envy-free, for all j ∈ [0, �−1]
we have

vxj+1cxj+1 − pE
xj+1

≥ vxj+1cxj − pE
xj

⇐⇒ pE
xj

≥ vxj+1(cxj − cxj+1) + pE
xj+1

.

(Each move is this chain is feasible, since it was made by Θ−x.) Composing these
equations for j = 0, . . . , � − 1, we get

pE
x = pE

x0
≥ vx1(cx0 − cx1) + vx2(cx1 − cx2) + . . . + vx�

(cx�−1 − cx�
)

But note that each term of the right-hand side of this inequality represents the
difference in valuation for a bidder on the chain of Θ−x. Thus the sum of these
terms is exactly the VCG price px, and we have pE

x ≥ px. Hence, the profit of
advertiser x under equilibrium E is no less than her profit under VCG. ��

4 Concluding Remarks

The generalized second-price auction has worked extraordinarily well for search
engine advertising. We believe that the essential properties of this auction that
make it a success are that it preserves the ranking order inherent in the positions,
and that it is stable in the sense that no bidder has an incentive to change her
bid by a small amount for a small advantage. We have given a simple new prefix
position auction mechanism that preserves these properties and has the same
equilibrium properties as the regular GSP.

A natural question arises if advertisers will have preference for positions that
go beyond the top κi’s. It is possible that there are other considerations that
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make lower positions more desirable. For example, the last position may be
preferable to the next-last. Also, appearing consistently at the same position
may be desirable for some. Some of the advertisers may not seek the topmost
positions in order to weed out clickers who do not persist through the topmost
advertisements to choose the most appropriate one. Thus, there are a variety of
factors that govern the position preference of an advertiser. In the future, this
may lead to more general position auctions than the prefix auctions we have
studied here. We briefly comment on two variants.

Arbitrary Ranges. If we allow top cutoffs (i.e., bidder i can set a valuation αi and
never appear above position αi), we can consider running essentially the same
top-down auction: For each position in order from the top, run a simple Vickrey
auction (with one winner) among those advertisers whose range includes the
position being considered; the winner is allocated the position, pays according
to the next-ranked advertiser, and is removed from the pool of advertisers for
subsequent auctions.

The difference here is that we can encounter a position j where there are
not advertisers willing to take position j, but there are still advertisers willing
to take positions lower than j. (This cannot occur with prefix ranges.) On a
typical search page, the search engine must fill in something at position j, or
else the subsequent positions do not really make sense. Practically speaking,
one could fill in this position with some sort of “filler” ad. Given some sort
of resolution of this issue, the top-down auction maintains the minimum pay
property for general ranges, by essentially the same argument as the prefix case
in this paper.

However, the property that there is an equilibrium that matches the VCG
outcome is no longer true, as shown by the following example:

Example 3. Suppose we have three bidders, and their ranges and valuations
are given as follows: A (1,1) $3; B (2,3) $2; C (1,3) $1. We also have three
positions, and we get 100, 99 and 98 clicks in them, respectively. The VCG
outcome is an allocation of [A,B,C], and prices [$2, $1, $0] (for all clicks). To
achieve this outcome in the top-down range auction, we must have A with the
highest bid, and it is ∞ wlog. Since C is the only other bidder competing for the
first slot, the price of A (which must be $2) is determined by the bid of C, and
thus $2 = p1 = bCc1 = 100bC. Therefore we have that bC = 2/100. Since bidder
B wins the second slot, we must have bidder B outbidding bidder C, and the
price of B is also determined by the bid of C; so we get p2 = bCc2 = 99(2/100).
This is inconsistent with the VCG price of $1.

General Position Bids. One is tempted to generalize the position-based auction
so that instead of enforcing a ranking, each advertiser submits separate bids for
each position and the market decides which positions are better. Suppose we
allowed such bids, and let bi,j denote the bid of advertiser i for position j.

In this setting, the ordering property no longer makes sense, but it still might
be interesting to consider the minimum-pay property. We do need to clarify our
definition of this property; because the advertiser has control of more than just
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the bid that gave her the victory; we need to make sure that altering the other
bids cannot give the advertiser a bargain for this particular position.

A natural mechanism and pricing scheme is as follows: Given the bids bi,j ,
compute the maximum matching of bids to positions (i.e., the VCG allocation).
Now for each winning bid bi

j, do the following. delete all other edges from i, and
lower this bid until the max matching no longer assigns i to j. Set the price per
click ppcj to the bid where this happens.

Note that this price has the property that if the winner of a position bids
between the bid and the price, then they either get the same position at the
same price, or perhaps one of their other bids causes them to get a different
position. But, we still have the property that the winner cannot get the position
she won for a lower price.

It turns out that this is exactly the VCG mechanism, as seen by the following
argument. In the following, let M be the valuation of the maximum matching,
and for some i let M−i be the valuation of the maximum matching that does
not include bidder i. Note also that if bidder i is assigned position j, the VCG
price is M−i − (M − bi,jcj).

In the suggested auction, when setting the price for bidder i, consider the
moment when the bid is lowered to ppcj . The total valuation of the matching at
this point is M − (bi,j −ppcj)cj . But the valuation of the matching at this point
also is equal to M−i since lowering the bid below ppcj makes the matching
no longer assign i to j (and all other edges are deleted, so i is not assigned
anywhere else). So we get M − (bi,j − ppcj)cj = M−i, and therefore ppcjcj =
M−i − (M − bi,jcj), which is the VCG price.
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Abstract. Cell planning includes planning a network of base stations
providing a coverage of the service area with respect to current and future
traffic requirements, available capacities, interference, and the desired
quality-of-service. This paper studies cell planning under budget con-
straints through a very close-to-practice model. This problem generalizes
several problems such as budgeted maximum coverage, budgeted unique
coverage, and the budgeted version of the facility location problem.

We present the first study of the budgeted cell planning problem. Our
model contains capacities, non-uniform demands, and interference that
are modeled by a penalty-based mechanism that may reduce the contri-
bution of a base station to a client as a result of simultaneously covering
this client by other base stations. We show that this very general problem
is NP-hard to approximate and thus we define a restrictive version of
the problem that covers all interesting practical scenarios. We show that
although this variant remains NP-hard, it can be approximated within
a factor of e−1

2e−1 of the optimum.

1 Introduction

Consider a set I = {1, 2, . . . , m} of possible configurations of base stations and a
set J = {1, 2, . . . , n} of clients. Each base station i ∈ I has capacity wi, opening
cost ci, and every client j ∈ J has a demand dj . The demand is allowed to be
simultaneously satisfied by more than one base station. Each base station i has
a coverage area represented by a set Si ⊆ J of clients admissible to be covered
(or satisfied) by it; this base station can satisfy at most wi demand units of the
clients in Si.

When a client is belong to the coverage area of more than one base station,
interference between the servicing stations may occur. These interference are
modeled by a penalty-based mechanism and may reduce the contribution of a
base station to a client. Let P be an m × m × n matrix of interference, where
p(i1, i2, j) ∈ [0, 1] represents the fraction of i1’s service which client j loses as
a result of interference with i2 (defining p(i, i, j) = 0 for every i ∈ I, j ∈ J ,
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and p(i, i′, j) = 0 for every j /∈ Si′)1. This means that the interference caused
as a result of a coverage of a client by more than one base station depends on
the geographical position of the related “client”. Followed by the above setting,
we denote by Q(i, j) the net contribution of base station i to client j, for every
j ∈ J, i ∈ I, after incorporating the interference. A detailed description of Q(i, j)
is given later in this section.

The budgeted cell planning problem (BCPP) asks for a subset of base stations
I ′ ⊆ I whose cost does not exceed a given budget B, such that the total number
of fully satisfied clients is maximized. That is, a solution to BCPP needs to
maximize the number of clients for which

∑
i∈I Q(i, j) ≥ dj .

This problem generalizes several problems such as budgeted maximum
coverage [10], budgeted unique coverage [5], and the budgeted version of the
facility location problem (analyzed in Section 2.4). So far, these problems were
studied (in the sense of approximation algorithms) without considering capac-
ities or non-uniform demands. Coping with interference in covering problems
is a great algorithmic challenge; unlike problems where there are no interfer-
ence, during the time the solution is established, adding a new candidate
(e.g., set, bin, item) to the cover may decrease the value of the solution. Fur-
thermore, this problem involves full coverage (also known as all-or-nothing cov-
erage) which usually makes the approximation task more complex (see [4] for
example).

Cell planning is one of the most significant steps in the planning and man-
agement of cellular networks and it is among the most fundamental problems
in the field of optimization of cellular networks. Cell planning includes plan-
ning a network of base stations that provides a (full or partial) coverage of the
service area with respect to current and future traffic requirements, available
capacities, interference, and the desired QoS. Under these constraints, the ob-
jective is, in general, to minimize the operator’s total system cost. Cell planning
is employed not only when new networks are built or when modifications to a
current networks are made, but also (and mainly) when there are changes in
the traffic demands, even within a small local area (e.g., building a new mall in
the neighborhood or opening new highways). Planning cellular networks under
budget limitations is practically the most important optimization problem in
the planning stage. Since budget restrictions may lead to failure in achieving
the required coverage, the objective, in this case, is hence to maximize the num-
ber of covered clients. This paper studies cell planning under budget constraints
where the goal is to have a theoretical model that can be used in practical
setting.

Computing Q(i, j). Our technique for solving BCPP is independent in the
structure of Q(i, j). We describe here two general models for computing Q(i, j).

Let xij be the fraction of the capacity wi of a base station i that is supplied
to client j. Recall that I ′ ⊆ I is the set of base stations selected for opening, the
contribution of base station i to client j is, in general is defined by
1 For simplicity, we do not consider here interference of higher order. These can be

further derived and extended from our model.
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Q(i, j) = wixij ·
∏

i′∈I′

(
1 − p(i, i′, j)

)
. (1)

This means that the net contribution of base station i to client j depends on all
other base stations i′ that contains j in their coverage areas. Each of these base
stations “interferes” base station i to service j and reduces the contribution of
wixij by a factor of p(i, i′, j).

Since (1) is a high-order expression we use the following first-order
approximation2

∏

i′∈I′

(
1 − p(i, i′, j)

)
=

(
1 − p(i, i′1, j)

)(
1 − p(i, i′2, j)

)
. . . ≈ 1 −

∑

i′∈I′

p(i, i′, j)(2)

Combining (1) and (2) we get

Q(i, j) ≈
{

wixij

(
1 −

∑
i′∈I′ p(i, i′, j)

)
,

∑
i′∈I′ p(i, i′, j) < 1

0, otherwise. (3)

Consider, for example, a client j belonging to the coverage areas of two base
stations i1 and i2, and assume that just one of these base stations, say i1, is
actually participating in j’s satisfaction (i.e., xi1j > 0 but xi2j = 0). According
to the above model, the mutual interference of i2 on i1’s contribution (w1xi1j)
should be considered, although i2 is not involved in the coverage of client j.

In most cellular wireless technologies, this is the usual behavior of interference.
However, in some cases a base station can affect the coverage of a client if and
only if it is participating in its demand satisfaction. The contribution of base
station i to client j in this case is defined by

Q(i, j) ≈
{

wixij

(
1 −

∑
i′�=i∈Ij

p(i, i′)
)
,

∑
i′�=i∈Ij

p(i, i′) < 1
0, otherwise.

(4)

where Ij is the set of base stations that participates in the coverage of client j,
i.e., Ij = {i ∈ I : xij > 0}. Notice that in this model the interference function
does not depend on the geographic position of the clients.

Our contributions. In this paper we present the first study of the budgeted
cell planning problem. To the best of our knowledge, despite the extensive re-
search of non-budgeted cell planning problems (i.e., minimum-cost cell planning,
as descried in Section 2.1), there is no explicit study in the literature of the BCPP
(in both theoretical and, surprisingly, also in practical settings). We survey, in
Section 2, some previous work related to BCPP. Budgeted maximum coverage,
budgeted unique coverage, budgeted facility location, and maximizing submod-
ular set functions are among the reviewed problems. In Section 3 we show that
approximating BCPP is NP-hard. Then we define a restrictive version of BCPP,

2 Notice that, in this context, one can precisely estimate the “cost” of such approx-
imation using [11,9]. However, for simplicity we do not include these works in this
practical model.
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the k4k-budgeted cell planning, by making additional assumptions that are mo-
tivated by practical considerations. The additional property is that every set of
k-opened base stations can fully satisfy at least k clients, for every integral value
of k. In Section 4 we show that this problem remains NP-hard and present an
e−1
2e−1 (≈ 0.3873) factor approximation algorithm for this problem.

2 Related Work

2.1 The Minimum-Cost Cell Planning Problem

The minimum-cost cell planning problem asks for a minimum-cost subset I ′ ⊆ I
that satisfies the demands of all the clients. This important problem is one
of the most studied on the area of cellular network optimization. Previous
work dealt with a wide variety of special cases (e.g., cell planning without
interference, frequency planning, uncapacitated models, antenna-type limita-
tions, and topological assumptions regarding coverage). These works range from
meta-heuristics (e.g., genetic algorithms, simulated annealing, etc.) and greedy
approaches, through exponential-time algorithms that compute an optimal solu-
tion, to approximation algorithms for special cases of the problem. A comprehen-
sive survey of various works on minimum-cost cell planning problems appears
in [3]. An O(log W )-approximation algorithm for the non-interference version
of the minimum-cost cell planning problem is presented in [2], where W is the
largest given capacity of a base station.

2.2 Base Stations Positioning Under Geometric Restrictions

A PTAS for the uncapacitated BCPP with unit demands (i.e., wi = ∞ and
dj = 1 for all i ∈ I, j ∈ J) and without interference is given in [7]. In this
case the problem is studied under geometric restrictions of disks of constant
radius D (i.e., Si is the set of clients located within a distance no greater than
D from the geometric location of i, for every i ∈ I), a minimal distance between
different base stations that have to be kept, and clients as well as base stations
are associated with points in the Euclidean plane.

2.3 Budgeted Maximum Coverage and Budgeted Unique Coverage

BCPP is closely related to the budgeted maximum coverage and the budgeted
unique coverage version of set cover. Given a collection of subsets S of a universe
U , where each element in U has a specified weight and each subset has a speci-
fied cost, and a budget B. The budgeted maximum coverage problem asks for a
subcollection S′ ⊆ S of sets, whose total cost is at most B, such that the total
weight of elements covered by S′ is maximized. The budgeted unique coverage
problem is a similar problem where elements in the universe are uniquely covered,
i.e., appears in exactly one set of S′. Both problems are special cases of BCPP in
which elements are clients with unit demands, every set i ∈ I corresponds to a
base station i containing all clients in its coverage area Si ⊆ J , and wi ≥ |Si| for
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all base stations in I. In this setting, budgeted maximum coverage is the case (in
the sense that a solution for BCPP is optimal if and only if it is optimal for the
budgeted maximum coverage) when there are no interference (i.e., P is the zero
matrix), while budgeted unique coverage is when the interference is taking to be
the highest (i.e., p(i′, i′′, j) = 1 for every i′ �= i′′, and p(i′, i′′, j) = 0 otherwise).

For the budgeted maximum coverage problem, there is a (1− 1
e )-approximation

algorithm [10,1], and this is the best approximation ratio possible unless NP=P
[6]. For the budgeted unique coverage problem, there is an Ω(1/ log n)-
approximation algorithm [5] and, up to a constant exponent depending on ε,
O(1/ log n) is the best possible ratio assuming NP � BPTIME (2nε

) for some
ε > 0. Interestingly enough, we will show in the next section that our general-
ization for both of these problems is hard to approximate.

2.4 Budgeted Facility Location

The budgeted version of the (uncapacitated) facility location problem is also
closely related to BCPP. In the traditional (uncapacitated) facility location prob-
lem we wish to find optimal locations in which to build facilities, from a given set
I, to serve a given set J of clients, where building a facility in location i incurs
a cost of fi. Each client j must be assigned to one facility, thereby incurring a
cost of cij (without assuming the triangle inequality). The objective is to find
a solution of minimum total cost. The budgeted facility location problem is to
find a subset I ′ ⊆ I such that the total cost of opening facilities and connecting
clients to open facilities does not exceed a given budget B, and the total number
of connected clients is maximized.

Given an instance of the budgeted (uncapacitated) facility location problem,
we show in the following that this problem is a special case of the budgeted
maximum coverage problem. By a star we mean a pair (i, Q) with i ∈ I and
Q ⊆ J . The cost of a star (i, Q) is c(i, Q) = fi +

∑
j∈Q cij , and its effectiveness is

|Q|
c(i,Q) . Then the budgeted (uncapacitated) facility location problem is a special
case of the budgeted maximum coverage problem: set J is the set of elements
that need to be covered, and let S = 2J , where c(Q) is the minimum-cost of a
star (i, Q) (we take the same budget for both instances).

However, the resulting budgeted maximum coverage instance has exponential
size, and therefore this reduction cannot be used directly. Nevertheless, we can
apply the algorithm of [10] without generating the instance explicitly, as pro-
posed by Hochbaum [8]: In each step, we have to find a most effective star, open
its facility and henceforth disregard all clients in this star. Although there are
exponentially many stars, it is easy to find the most effective one as it suffices
to consider stars (i, Qi

k), for i ∈ I and k ∈ {1, 2, . . . , |J |}. Here Qi
k denotes the

first k clients in a linear order with nondecreasing cij . Clearly, other stars cannot
be more effective. Hence, we get the same approximation ratio as the budgeted
maximum coverage problem. Moreover, since the budgeted maximum coverage
can be described, by a simple reduction, as a special case of the budgeted facility
location, the best we can hope for the budgeted facility location problem is the
same approximation factor as the budgeted maximum coverage problem.
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2.5 Maximizing Submodular Set Functions

Let U = {1, . . . , n}, let cu, u ∈ U be a set of nonnegative weights, and let B be a
nonnegative budget. The problem of maximizing nondecreasing submodular set
function with budget constraint is

max
S⊆U

{

f(S) :
∑

u∈S

cu ≤ B

}

,

where f(S) is a nonnegative nondecreasing submodular polynomially computable
set function (a set function is submodular if f(S) + f(T ) ≥ f(S ∪ T ) + f(S ∩
T ) for all S, T ⊆ U and nondecreasing if f(S) ≤ f(T ) for all S ⊆ T ). For this
problem, there is a (1 − 1

e )-approximation algorithm [12], and as this problem is
a generalization of the budgeted maximum coverage (cu = 1, for all u ∈ U , and
f(S) denotes the maximum weight that can be covered by the set S), this ratio is
the best achievable.

Although this problem seems, at least from a natural perspective, to be closely
related to BCPP, observe that set (covering) functions are not submodular, in
general, when interference are involved. Consider, for example, an instance of
BCPP in which I = {1, 2, 3} with w1 = w2 = 1 and w3 = 1/4, a single client
with d = 2 that can be satisfied by all base stations, and symmetric penalties
p(1, 3) = p(2, 3) = 1/2, while p(1, 2) = 0. Taking S = {1}∪{3} and T = {2}∪{3}
we have f(S) + f(T ) � f(S ∪ T ) + f(S ∩ T ), where f(S) is defined to be the
maximum number of fully satisfied clients that can be covered by the set S of
base stations.

3 Inapproximability

As mentioned earlier, the budgeted maximum coverage as well as budgeted
unique coverage can be seen as special cases of BCPP. In both cases the ap-
proximation algorithms are based on the greedy technique of Khuller, Moss, and
Naor [10]. This means picking at each step the most effective set until either no
element is left to be covered or the budget limitation is exceeded. Combining
this method with the enumeration technique yields the (1 − 1

e )-approximation
algorithm of [10].

Unfortunately, a natural attempt to adapt the ideas from [10] to the setting
of BCPP fails, as stated by the next theorem.

Theorem 1. It is NP-hard to find a feasible solution to the budgeted cell plan-
ning problem.

Proof. The proof is via a reduction from the subset sum problem. Given
an instance of the subset sum problem, i.e., a set of natural numbers A =
{a1, a2, . . . , an} and an additional natural number T = 1

2

∑n
i=1 ai. We build an

instance of the budgeted BCPP with I = {1, 2, . . . , n}, |J | = 1 and wi = ci = ai

for every i ∈ I; the budget and the single client’s demand are B = d = T and
no interference are assumed.
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It is easy to see that the client is satisfied if and only if there exists S ⊆
A with

∑
i∈S ai = T . Since there is only a single client, any polynomial-time

approximation algorithm must produce a full coverage, solving the subset sum
problem in polynomial time. �

4 The k4k-Budgeted Cell Planning Problem

In light of the above inapproximability result, we turn to define a restrictive
version of BCPP which is general enough to cover all interesting practical cases.
In order to do that, we use the fact that in general, the number of base sta-
tions in cellular networks is much smaller than the number of clients. Notice
that when planning cellular networks, the notion of “clients” sometimes means
mobile-clients and sometimes it represents the total traffic demand created by
many mobile-clients at a given location. Our models support both forms of rep-
resentations. Moreover, when there is a relatively large cluster of antennas in a
given location, this cluster is usually addressed to meet the traffic requirements
of a high-density area of clients. Thus for both interpretations of “clients” the
number of satisfied clients is always much bigger than the number of base sta-
tions. Followed by the above discussion, we define the k4k-budgeted cell planning
problem (k4k-BCPP) to be BCPP with the additional property that every set
of k base stations can fully satisfy at least k clients, for every integer k (and we
refer to this property as “k4k property”).

In this section we show that this problem can be approximated within a factor
of e−1

2e−1 of the optimum. First, we show that this problem remains hard.

Theorem 2. The k4k-budgeted cell planning problem is NP-hard.

Proof. Via a reduction from the budgeted maximum coverage problem. Con-
sider an instance of the budgeted maximum coverage problem, that is, a collec-
tion of subsets S = {S1, . . . , Sm} with associated costs {ci}m

i=1 over a domain of
elements X = {x1, . . . , xn}, and a budget L.

We can construct an instance of k4k-BCPPsuch that an optimal solution
to this problem gives an optimal solution to the budgeted maximum cover-
age problem. First, we construct a bipartite graph of elements vs. sets, de-
rived from the budgeted maximum coverage instance: there is an edge (xi, Sj)
if and only if element xi belongs to set Sj . The instance of k4k-BCPP is as
follows: the set of clients is {x1, . . . , xn} ∪ {y1, . . . , ym}, where each of the xj ’s
is of unit demand and each of the yr’s is of zero demand, the set of potential
base stations is {S1, . . . , Sm}, each of opening cost ci, a capacity wi = |Si|,
and a set of admissible clients for covering Si ∪ {y1, . . . , ym}, for every i =
1, . . . , m, and j = 1, . . . , n, and a budget B = L, while no interference are
assumed.

Clearly, a solution to k4k-BCPP is optimal if and only if the corresponding
solution of the budgeted maximum coverage instance is optimal. �
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4.1 The Structure of BCPP Solutions

Our algorithm is based on a combinatorial characterization of the solution set
to BCPP3 (and in particular to k4k-BCPP). The following lemma is a key
component in the analysis of our approximation algorithm.

Lemma 1. Every solution to the k4k-budgeted cell planning problem can be
transformed to a solution in which the number of clients that are covered by
more than one base station is at most the number of opened base stations. More-
over, this transformation leaves the number of fully satisfied clients as well as
the solution cost unchanged.

Proof. Consider a solution Δ = {I ′, J ′,x} to the k4k-BCPP , where I ′ ⊆ I is the
set of base stations selected for opening, J ′ ⊆ J is the set of fully satisfied clients,
xij ’s are the base station-client coverage rates, and J ′′ ⊆ J ′ is the set of clients
that are satisfied by more than one base station. Without loss of generality we
may assume that every client has a demand greater than zero, since there is no
need for “covering” clients with zero demand. We associate the weighted bipartite
graph GΔ = (I ′ ∪ J ′, E) with every such solution. In this graph, (i, j) ∈ E has
weight w(i, j) = wixij if and only if xij > 0, and w(i, j) = 0, otherwise. Two
cases need to be considered:

1. If GΔ is acyclic then we are done (i.e., no transformation is needed); in
this case |J ′′| < |I ′|. To see this, let T be a forest obtained from GΔ by
fixing an arbitrary base station vertex as the root (in each of the connected
components of GΔ) and trimming all client leaves. These leaves correspond
to clients who are covered, in the solution, by a single base station. Since the
height of the tree is even, the number of internal client-vertices is at most
the number of base station-vertices, hence |J ′′| < |I ′|.

2. Otherwise, we transform GΔ = (I ′ ∪ J ′, E) into an acyclic bipartite graph
GΔ′ = (I ′ ∪ J ′, E′) using a cycle canceling algorithm. For simplicity, we first
describe the following algorithm for the case that interference do not exist.

Algorithm 1 [cycle canceling without interference]. As
long as there are cycles in GΔ, pick a cycle C and let γ be the weight
of a minimum-weight edge on this cycle. Take a minimum-weight
edge on C and, starting from this edge, alternately, in clockwise
order along the cycle, decrease and increase the weight of every edge
by γ.

It is easy to verify that at the end of the algorithm every client receives, and
every base station supplies, the same amount of demand units as before.
Moreover, the only changes here are the values of the xij ’s. Hence, Algo-
rithm 1 preserves the number as well as the identity of the satisfied clients.
Since at each iteration at least one edge is removed, GΔ′ is acyclic, thus
yielding |J ′′| < |I ′| as in the former case.

3 Results in this section can be applied also for non-k4k versions of the BCPP. For
simplicity, we concentrate here on the k4k versions of the problem.
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When interferences exist but Q(i, j) is independent on the xij ’s, we can
still use Algorithm 1 to preserves the number as well as the identity of the
satisfied clients. In this case change in the xij ’s does not affect the Q(i, j) of
any client. However, when Q(i, j) is a function of the xij ’s this algorithm can
no longer guarantee this. This is true because of the way the fully satisfied
clients “use” base stations not on the cycle depends on the interference, and
thus the modifications of the edge weights on the cycle are not enough. To
overcome this problem we generalize the method of cycle canceling. Consider
a cycle C = (v1, . . . , vk = v1) in GΔ, such that odd vertices correspond to
base stations. Let vi be any client-vertex in C. Now suppose the base station
which corresponds to vi−1 increases its supply to vi by α units of demand.
The basic idea of the generalization is to compute the exact number of
demand units the base station which corresponds to vi+1 must subtract
from its coverage, in order to preserve the satisfaction of that client, taking
into account all the demand (with its interference) supplied by base station
vertices which are outside the cycle.

Notice that increasing a certain w(vi, vi+1) does not necessary increase
the supply to client vi. When interferences are considered, it could actually
happen that increasing w(vi, vi+1) decreases the supply to vi (if the new
interference penalties outweigh the increased supply). Similarly, decreasing
some w(vi, vi+1) could actually increase the supply to vi. However, one can
assume for optimal solutions that these cases do not occur (as the solution
could be transformed into an equivalent solution where such edges have
w(vi, vi+1) = 0).

To demonstrate the idea of canceling cycles when interferences exist let us
assume, for simplicity, that there is only a single base station which is not
on the cycle, denoted by vo, which participates in the coverage of client vi,
and the interference model is assumed to be the one in (4). Then, the total
contribution of base stations vi−1, vi+1, and vo to the coverage of client vi

is, by (1),
δ(vi) = Q(v0, vi) + Q(vi+1, vi) + Q(vi−1, vi).

Given that the supply of base station vi−1 to client vi is increased by α
units of demand (i.e., w′(vi−1, vi) = w(vi−1, vi)+α, where w′ is the updated
weight function of the edges), base station vi+1 must decrease its supply to
this client by β units of demand (i.e., w′(vi+1, vi) = w(vi+1, vi)−β) in order
to preserve the satisfaction of client vi (assuming vo’s supply remains the
same). Then, the value of β can be computed via a solution to the following
equation (in variable β),

δ′(vi) = Q′(v0, vi) + Q′(vi+1, vi) + Q′(vi−1, vi) = δ(vi).

Notice that our cycle canceling algorithms are used for the proof of existence
and such computations are not necessary for the execution of our approxi-
mation algorithm.
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Algorithm 2 [cycle canceling with interference]. As long as
there are cycles in GΔ, pick a cycle C = (v1, . . . , vk = v1) where odd
vertices represent base stations. As before, every edge ei = (vi, vi+1)
on the cycle has a weight w(vi, vi+1) associated with it, representing
the amount of demand supplied by the base-station-vertex in ei to
the client-vertex in ei. For simplicity, let d′i denote this value.

We recursively define a sequence of weights {yi}k−1
i=1 , with alter-

nating signs which represent a shift in the demand supply of base
stations to clients along the cycle. Start by setting y1 = ε, repre-
senting an increase of ε to the demand supplied by the base-station-
vertex v1 to the client-vertex v2. This increase of supply may not
all be credited to vertex v2 due to interference, some of which are
possibly due to base stations which are outside the cycle, which con-
tribute to v2’s satisfaction. Set y2 to be the maximal decrease in the
demand supplied by base-station-vertex v3 to client-vertex v2, such
that v2 remains satisfied. This amount of demand is now “available”
to base-station-vertex v3, hence we allow v3 to supply this surplus
to client-vertex v4. We continue in this manner along the cycle.

If, by repeating this procedure, we end up with |yk−1| ≥ ε, then
we say the cycle is ε-adjustable. Otherwise, redefine the values of
{yi}k−1

i=1 in a similar manner, but in reverse order, i.e., starting from
yk−1 and ending with y1. However, it is easy to verify that at least
one direction, the cycle is ε-adjustable, for some value of ε.

Let εmax be the largest value for which the cycle is adjustable, and
consider its corresponding values of yi, i = 1, . . . , k−1. Note that the
yi’s have alternating signs, and for any client-vertex vi, yi = −yi−1.
Define the quotients zi = d′i/yi for every i = 1, . . . , k − 1, and let
zmin = minzi<0 |zi|. Now increase the amount of demand supplied
on every edge on the cycle to be w′(vi, vi+1) = yi · zmin, where w′ is
the updated weight function of the edges, as before.

Two important invariants are maintained throughout our cycle-canceling
procedure. The first is that w′(i, j) ≥ 0 for every edge (i, j) of the cycle. The
second is that there exists at least one edge e = (i, j) on the cycle for which
w′(i, j) = 0. Therefore Algorithm 2 preserves the number and the identity
of the satisfied clients and GΔ′ is also a solution. Since at each iteration at
least one edge is removed, GΔ′ is acyclic and |J ′′| < |I ′| as before. �

4.2 An e−1
2e−1 -Approximation Algorithm

We are now ready to present a e−1
2e−1 -approximation algorithm for k4k-BCPP .

We combine ideas from [10] together with our characterization of the optimal
solution set of k4k-BCPP. Throughout this section we use the following notation.
Let Ni be the maximum number of clients that can be covered by a single
base station i (i.e., without allowing simultaneously covering of a client), i =
1, 2, . . . , m. Let N(I ′) denote the total number of clients that can be covered
by I ′ in such a way that each client is covered by a single base station, and let
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Algorithm 3. k4k-budgeted cell planning

1: J ′ ← ∅; H3 ← 0;
2: H1 ← maximum number of base stations having a total opening cost less than or

equal to B
3: H2 ← argmax

{
N(S), such that S ⊆ I , |S| < �, and c(S) ≤ B

}

4: for all S ⊆ I , such that |S| = � and c(S) ≤ B do
5: I ← I \ S
6: repeat
7: select i ∈ I that maximizes N′

i
ci

8: if c(S) + ci ≤ B then
9: S ← S ∪ {i}

10: J ′ ← J ′ ∪ Ji

11: update wi by the demand units supplied to Ji

12: c(S) ← c(S) + ci

13: end if
14: I ← I \ {i}
15: until I = ∅
16: if N(S) > H3 then H3 ← N(S)
17: end for
18: Output the solution having the largest value from

{
H1, H2, H3

}

N ′
i denote the maximum number of clients that can be covered by a single base

station i, but not covered by any other base stations in I ′. Finally, we denote
by Ji the set of clients that are fully satisfied by base station i. Without loss
of generality we may assume that the opening cost of any base station does not
exceed B, since base stations of cost greater than B do not belong to any feasible
solution.

We first observe that the greedy algorithm that opens at each step a base sta-
tion maximizing the ratio N ′

i

ci
has an unbounded approximation factor. Consider,

for example, two base stations and M + 2 clients J = {1, . . . , M, M + 1, M + 2}
having unit demands. Let w1 = 2, c1 = 1, S1 = {M + 1, M + 2}, where w2 =
c2 = M, S2 = {1, . . . , M}. The overall budget in this example is taken to be M .
The optimal solution opens the second base station satisfying exactly M clients,
while the solution obtained by the greedy algorithm opens the first base station
satisfying exactly 2 clients. The approximation ratio for this instance is M/2,
and is therefore unbounded.

Our algorithm comprises of two phases. In the first phase, the algorithm com-
putes the maximum number of base stations having a total opening cost less
than or equal to B. Since our instances are “k4k”, this is a lower bound on the
optimal solution of k4k-BCPP. Furthermore, it can be computed in linear-time
by picking base stations in non-decreasing order of their opening cost. Another
set of candidate solutions concentrates, in the second phase, on the number of
clients that can be fully satisfied by a single base station. This is also a lower
bound on the optimal solution and it is computed as the best of two possible
candidates (in a similar way to [10]). For a fixed integer 	 ≥ 3, the first candidate
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consists of all subsets of I of cardinality less than 	 which have cost at most B,
while the second one enumerates all feasible solutions of cardinality 	 having cost
at most B, and then completes each subset to a candidate solution using the
greedy algorithm. Based on both phases the algorithm outputs the candidate
solution having the maximum number of satisfied clients.

The problem of computing the optimal value of N(S), for a given set of
base stations, S, is NP-hard. In fact, this problem is a generalization of the
budgeted maximum coverage problem containing capacities as well as non-
uniform demands. Fortunately, a straightforward extension of [10] gives a (1− 1

e )-
approximation algorithm for this generalization.

Theorem 3. Algorithm 3 is a e−1
2e−1 -approximation algorithm for the k4k-

budgeted cell planning problem.

Proof. Let ñ be the solution obtained by Algorithm 3, and let n∗ be the
maximum number of satisfied clients as obtained by the optimal solution. In the
latter, n∗

1 denotes the number of clients that are satisfied by a single base station,
and n∗

2 is the number of clients satisfied by more than one base station. Finally,
we denotes I∗ to be the set of base stations opened (by the optimal solution) for
satisfying these n∗ = n∗

1 + n∗
2 clients.

Now, if n̂1 denotes the maximum number of clients that can be satisfied by a
single base station then n̂1 ≥ n∗

1. Since computing n̂1 is done using the extension
of the algorithm of [10], we have

ñ ≥
(

1 − 1
e

)

n̂1. (5)

Combining the above discussion, gives

(

2 − 1
e

)

ñ = ñ +
(

1 − 1
e

)

ñ (6)

≥ ñ +
(

1 − 1
e

)

|I∗| (7)

≥
(

1 − 1
e

)

n̂1 +
(

1 − 1
e

)

|I∗| (8)

≥
(

1 − 1
e

)

n∗
1 +

(

1 − 1
e

)

n∗
2 (9)

≥
(

1 − 1
e

)

n∗ (10)

where inequality (7) follows from the fact that every set of k opened base stations
can satisfy at least k clients (as used by the first candidate of our algorithm),
inequality (8) is based on (5), and inequality (9) follows from Lemma 1. �

Finding xij ’s values. Algorithm 3 outputs a set J ′ ⊆ J of fully satisfied clients
and a set I ′ ⊆ I of base stations providing this coverage. However, the values
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of the xij ’s are not inclusively outcome from the algorithm. Since in this setting
we are given a set of already opened base stations, these values can be efficiently
determined by any feasible solution of the following linear program (LP). Notice
that the objective function in this linear program is not important and any
feasible point will do.

max
∑

i∈I′

∑

j∈J′

xij (LP)

s.t.
∑

i∈I′

Q(i, j) ≥ dj ∀ j ∈ J ′ (11)

∑

j∈J′

xij ≤ 1 ∀ i ∈ I ′ (12)

0 ≤ xij ≤ 1 ∀ i ∈ I ′, j ∈ Si

xij = 0 ∀ i ∈ I ′, j /∈ Si

In this linear program constraints (11) ensures that every client will be fully
satisfied (notice that Q(i, j) is the same as in (3) without the need to open base
stations), while constraints (12) maintains the capacity bounds for the base
stations.

5 Conclusions and Future Work

In this paper we present a theoretical study of the budgeted cell planning, a cen-
tral complex optimization problem in planning of cellular networks. As far as we
know, no performance guarantee was given so far to this problem. We show that
although this problem is NP-hard to approximate, we can still cover all practi-
cal scenarios by adopting a very practical assumption, called the k4k-property,
satisfied by every real cellular network, and we give a fully combinatorial e−1

2e−1 -
approximation algorithm for this problem. We believe that taking capacities,
non-uniform demands, and interference into considerations makes a significant
step towards making approximation algorithms a key ingredient in practical so-
lutions to many planning and covering problems in cellular networks.

An interesting open problem that is closely related to BCPP is the all-or-
nothing demand maximization problem. In this problem we are given a set I =
{1, 2, . . . , m} of base stations that are already opened, a set J = {1, 2, . . . , n}
of clients. Each base station i ∈ I has capacity wi, and every client j ∈ J has
a profit pj and a demand dj which is allowed to be simultaneously satisfied by
more than one base station. Each base station i has a coverage area represented
by a set Si ⊆ J of clients admissible to be covered (or satisfied) by it. Let P
be an m × m × n matrix of interference for satisfying a client by several base
stations, as in BCPP. The all-or-nothing demands maximization problem asks
for a maximum-profit subset J ′ ⊆ J of clients that can be fully satisfied by I.
As one can noticed, this problem is a special case of BCPP by taking ci = 0,
and pj = 1, for every i ∈ I, j ∈ J .
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Abstract. Consider the Dynamic Program h(n) = min1≤j≤n a(n, j) for
n = 1, 2, . . . , N . For arbitrary values of a(n, j), calculating all the h(n)
requires Θ(N2) time. It is well known that, if the a(n, j) satisfy the
Monge property, then there are techniques to reduce the time down to
O(N). This speedup is inherently static, i.e., it requires N to be known
in advance.

In this paper we show that if the a(n, j) satisfy a stronger condition,
then it is possible, without knowing N in advance, to compute the values
of h(n) in the order of n = 1, 2, . . . , N , in O(1) amortized time per
h(n). This maintains the DP speedup online, in the sense that the time
to compute all h(n) is O(N). A slight modification of our algorithm
restricts the worst case time to be O(log N) per h(n), while maintaining
the amortized time bound. For a(n, j) that satisfy our stronger condition,
our algorithm is also simpler to implement than the standard Monge
speedup.

We illustrate the use of our algorithm on two examples from the lit-
erature. The first shows how to make the speedup of the D-median on a
line problem in an online settings. The second shows how to improve the
running time for a DP used to reduce the amount of bandwidth needed
when paging mobile wireless users.

1 Introduction

Consider the class of problems defined by

h(n) = min
1≤j≤n

a(n, j), ∀ 1 ≤ n ≤ N (1)

where the goal is to compute h(n) for 1 ≤ n ≤ N . In many applications, (1) is
a Dynamic Program (DP), in the sense that the values of a(n, j) depend upon
h(i), for some 1 ≤ i < n. In this paper, we always assume any particular a(n, j)
can be computed in O(1) time, provided that the values of h(i) it depends on
are known. For a generally defined function a(n, j), it requires Θ(N2) time to
compute all the h(n). It is well known, though [1], that if the values of a(n, j)
satisfy the Monge property (see Section 1.1), then the SMAWK algorithm [2]
can compute all the h(n), for 1 ≤ n ≤ N , in O(N) time. To be precise, if
� The research of the second and third authors was partially supported by Hong Kong
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1. the value of N is known in advance;
2. and for any 1 ≤ j ≤ n ≤ N , the value of a(n, j) can be computed in O(1)

time, i.e., a(n, j) does not depend on h(i);
3. and the values of a(n, j) satisfy the Monge property defined by (4),

then the SMAWK algorithm [2] can compute all of the h(n) for 1 ≤ n ≤ N in
O(N) time.

The main purpose of this paper is to consider the DP formula (1) in online
settings. By this we mean that the values of h(n) are computed in the order
n = 1, 2, . . . , N without knowing the parameter N in advance, and the values
of a(n, j) are allowed to depend on all previously-computed values of h(i) for
1 ≤ i < n. To be precise, our main result is

Theorem 1. Consider the DP defined by (1). If

1. ∀ 1 ≤ j ≤ n ≤ N , the value of a(n, j) can be computed in O(1) time, provided
that the values of h(i) for 1 ≤ i < n are known;

2. and ∀ 1 ≤ j < n ≤ N ,

a(n, j) − a(n − 1, j) = cn + δjβn (2)

where cn, βn and δj are constants satisfying
(a) ∀ 1 < n ≤ N , βn ≥ 0;
(b) and δ1 > δ2 > · · · > δN−1,

then, there is an algorithm that computes the values of h(n) in the order n =
1, 2, . . . , N in O(1) amortized and O(log N) worst-case time per h(n). The algo-
rithm does not know the value of N until h(N) has been computed.

We call the Condition 2 in Theorem 1 (including Conditions (a) and (b)) the
online Monge property. As we will see in Section 1.1, the online Monge property
is a stronger Monge property. The SMAWK algorithm is a Θ(N) speedup of
the computation of (1) when a(n, j) satisfy the Monge property. Theorem 1
says that if a(n, j) satisfy the online Monge property, then the same speedup
can be maintained online, in the sense that the time to compute all h(n) is still
O(N). Section 2 will give the main algorithm, which achieves the O(1) amortized
bound. In Section 2.3, we modify the algorithm a little bit to achieve the worst
case O(log N) bound. Section 3 shows two applications of this technique.

Note that the online Monge property only says that cn, βn and δj exist. It does
not say that cn, βn and δj are given. However, if δj is given, then the algorithm
will be easier to understand. So, throughout this paper we will assume we have
an extra condition:

– The values of δj can be computed in O(1) time, provided that the values of
h(i) for 1 ≤ i < j are known.

This condition is not really necessary. In Appendix A, we will show how it is
implied by other conditions in Theorem 1.

As a final note we point out that there is a body of literature already discussing
“online” problems of (1), e.g., [3,4,5,6,7]. We should clarify that the “online” in
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those papers actually had a different meaning than the one used here. More
specifically, the result they have is that if

1. the value of N is known in advance;
2. and for any 1 ≤ j ≤ n ≤ N , the value of a(n, j) can be computed in O(1)

time, provided that the values of h(i) for 1 ≤ i < j are known;
3. and the values of a(n, j) satisfy the Monge property defined by (4),

then both the Galil-Park algorithm [6] and the Larmore-Schieber algorithm [7]
can compute all of the h(n) for 1 ≤ n ≤ N in O(N) time. As we can see,
their definition of “online” is only that the a(n, j) can depend upon part of the
previously-computed values of h(i), i.e., for 1 ≤ i < j. It does not mean that
h(n) can be computed without knowing the problem size N in advance.

1.1 Relations to Monge

In this section, we briefly introduce the definition of Monge property. See the
survey [1] for more details. Consider an N × N matrix A. Denote by R(n) the
index of the rightmost minimum of row n of A, i.e.,

R(n) = max{j : An,j = min
1≤i≤N

An,i}.

A matrix A is monotone if R(1) ≤ R(2) ≤ · · · ≤ R(N), A is totally monotone if
all submatrices1 of A are monotone. The SMAWK algorithm [2] says that if A
is totally monotone, then it can compute all of the R(n) for 1 ≤ n ≤ N in O(N)
time.

For our problem, if we set

An,j =
{

a(n, j) 1 ≤ j ≤ n ≤ N
∞ otherwise (3)

then h(n) = a(n, R(n)). Hence, if we can show the matrix A defined by (3) is
totally monotone, then the SMAWK algorithm can solve our problem (offline
version) in O(N) time. Totally monotone properties are usually established by
showing a slightly stronger property, the Monge Property (also known as the
quadrangle inequality). A matrix A is Monge if ∀ 1 ≤ n < N and ∀ 1 ≤ j < N ,

An,j + An+1,j+1 ≤ An+1,j + An,j+1.

It is easy to show that A is totally monotone if it is Monge. So, for the offline
version of our problem, we only need to show that the matrix A defined by (3)
is Monge, i.e., ∀ 1 ≤ j < n < N ,

a(n, j) + a(n + 1, j + 1) ≤ a(n + 1, j) + a(n, j + 1). (4)

1 In this paper, submatrices can take non-consecutive rows and columns from the
original matrix, and are not necessarily square matrices.
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By the conditions in Theorem 1,

a(n + 1, j) + a(n, j + 1) − a(n, j) − a(n + 1, j + 1) = (δj − δj+1)βn+1 ≥ 0.

So, the matrix A defined by (3) is Monge, and the SMAWK algorithm solves the
offline problem.

Our problem is a special case of Monge. But how special a case? Referring
to Section 2.2 of [1] for more details, we see that if we only consider the finite
entries, then a matrix A is Monge if and only if ∀ An,j �= ∞,

An,j = Pn + Qj +
N∑

k=n

j∑
i=1

Fki (5)

where P and Q are vectors, and F is an N × N matrix, called the distribution
matrix, whose entries are all nonnegative. For our problem, let δ0 = δ1. Then

a(n, j) = a(N, j) −
N∑

k=n+1

ck − δj

N∑
k=n+1

βk

= a(N, j) −
N∑

k=n+1

ck − δ0

N∑
k=n+1

βk + (δ0 − δj)
N∑

k=n+1

βk

So, in our problem,

Pn = −
N∑

k=n+1

(ck + δ0βk), Qj = a(N, j), Fki = (δi−1 − δi)βk+1,

where we define βN+1 = 0. This shows that our problem is a special case of the
Monge property where the distribution matrix has rank 1.

Conversely, if the distribution matrix F has rank 1, then the values of a(n, j)
satisfy the conditions of Theorem 1. So, Theorem 1 is really showing that the
row minima of any Monge matrix defined by a rank 1 distribution matrix can
be found online.

2 The Algorithm

In this section, we show the main algorithm that achieves the O(1) amortized
bound in Theorem 1. We will show the algorithm at step n, where the values
of h(i) have been computed for 1 ≤ i < n, and we want to compute the value
of h(n). By the conditions in Theorem 1 and the extra condition, all the values
a(n, j) and δj for 1 ≤ j ≤ n ≤ N are known.

The key concept of the algorithm is a set of straight lines defined as follows.

Definition 2. ∀ 1 ≤ j ≤ n ≤ N , we define

Ln
j (x) = a(n, j) + δj · x (6)
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So, h(n) = min1≤j≤n Ln
j (0). To compute min1≤j≤n Ln

j (x) at x = 0 efficiently, the
algorithm maintains min1≤j≤n Ln

j (x) for the entire range x ≥ 0, i.e., at step n,
the algorithm maintains the lower envelope of the set of lines {Ln

j (x) : 1 ≤ j ≤ n}
in the range x ∈ [0,∞).

2.1 The Data Structure

The only data structure used is an array, called the active-indices array, Z =
(z1, . . . , zt) for some length t. It will be used to represent the lower envelope.
It stores, from left to right, the indices of the lines that appear on the lower
envelope in the range x ∈ [0,∞). That is, at step n, if we walk along the lower
envelope from x = 0 to the right, then we will sequentially encounter the lines
Ln

z1
(x), Ln

z2
(x), . . . , Ln

zt
(x). Since δ1 > δ2 > · · · > δn, and by the properties of

lower envelopes, we have z1 < z2 < · · · < zt = n, and no line can appear more
than once in the active-indices array.

Once we have the active-indices array, computing h(n) becomes easy as h(n) =
a(n, z1). So, the problem is how to obtain the active-indices array. Inductively,
when the algorithm enters step n from step n− 1, it maintains an active-indices
array for step n− 1, which represents the lower envelope of the lines {Ln−1

j (x) :
1 ≤ j ≤ n − 1}. So, the main part of the algorithm is to update the old active-
indices array to the new active-indices array for {Ln

j (x) : 1 ≤ j ≤ n}.
Before introducing the algorithm, we introduce another concept, the break-

point array, X = (x0, . . . , xt), where x0 = 0, xt = ∞ and xi (1 ≤ i < t)
is the x-coordinate of the intersection point of lines Ln

zi
(x) and Ln

zi+1
(x). The

break-point array is not stored explicitly, since for any i, the value of xi can be
computed in O(1) time, given the active-indices array.

2.2 The Main Algorithm

In step n, we need to consider n lines {Ln
j (x) : 1 ≤ j ≤ n}. The algorithm will

first deal with the n − 1 lines {Ln
j (x) : 1 ≤ j ≤ n − 1}, and then add the last

line Ln
n(x). Figure 1 illustrates the update process by an example. Figure 1(a)

shows what we have from step n − 1, Figure 1(b) shows the considerations for
the first n − 1 lines, and Figure 1(c) shows the adding of the last line.

Deal with the first n−1 lines. For the first n−1 lines {Ln
j (x) : 1 ≤ j ≤ n−1},

the key observation is the following lemma.

Lemma 3. ∀ 1 < n ≤ N and ∀ x,

Ln
j (x) = Ln−1

j (x + βn) + cn, ∀ 1 ≤ j ≤ n − 1.

Proof. By (2) and (6),

Ln
j (x) = [a(n, j) − δj βn] + δj (x + βn)

= [a(n − 1, j) + cn] + δj (x + βn)
= Ln−1

j (x + βn) + cn.
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Fig. 1. The update of the active-indices array from Step n− 1 to Step n, where n = 8.
The thick solid chains are the lower envelopes. Figure (a) shows the lower envelope
for the lines {Ln−1

j (x) : 1 ≤ j ≤ n − 1}, Figure (b) shows the lower envelope for the
lines {Ln

j (x) : 1 ≤ j ≤ n − 1}, and Figure (c) shows the lower envelope for the lines
{Ln

j (x) : 1 ≤ j ≤ n}. The numbers beside the line segments are the indices of the lines.
The active-indices array changes from (a)(1, 2, 4, 5, 7), to (b)(4, 5, 7), then to (c)(4, 5, 8).

Lemma 3 says that if we translate the line Ln−1
j (x) to the left by βn and upward

by cn, then we obtain the line Ln
j (x). The translation is independent of j, for

1 ≤ j ≤ n − 1. So,

Corollary 4. The lower envelope of the lines {Ln
j (x) : 1 ≤ j ≤ n − 1} is the

translation of the lower envelope of {Ln−1
j (x) : 1 ≤ j ≤ n − 1} to the left by βn

and upward by cn.

As an example, see Figure 1, (a) and (b). From Figure 1(a) to 1(b), the entire
lower envelope translates to the left by βn and upward by cn.



Online Dynamic Programming Speedups 49

We call an active-index zi negative if the part of Ln
zi

(x) that appears on the
lower envelope is completely contained in the range x ∈ (−∞, 0]. By Corollary 4,
to obtain the active-indices array for {Ln

j (x) : 1 ≤ j ≤ n−1} from the old active-
indices array, we only need to delete those active-indices who becomes negative
due to the translation. This can be done by a simple sequential scan. We scan
the old active-indices array from left to right, check each active-index whether it
becomes negative. If it is, we delete it. As soon as we find the first active-index
that is nonnegative, we can stop the scan, since the rest of the indices are all
nonnegative.

To be precise, we scan the old active-indices array from z1 to zt. For each
zi, we compute xi, the right break-point of the segment zi. If xi < 0, then
zi is negative. Let zmin be the first active-index that is nonnegative, then the
active-indices array for {Ln

j (x) : 1 ≤ j ≤ n − 1} is (zmin, . . . , zt).

Adding the last line. We now add the line Ln
n(x). Recall Condition (a) in The-

orem 1. Since Ln
n(x) has the smallest slope over all lines, it must be the rightmost

segment on the lower envelope. And since no line can appear on the lower enve-
lope more than once, we only need to find the intersection point between Ln

n(x)
and the lower envelope of {Ln

j (x) : 1 ≤ j ≤ n − 1}. Assume they intersect on
segment zmax, then the new lower envelope should be (zmin, . . . , zmax, n). See
Figure 1(c), in the example, zmax = 5.

To find zmax, we also use a sequential scan, but from right to left. We scan
the active-indices array from zt to zmin. For each zi, we compute xi−1, the left
break-point of segment zi, and compare the values of Ln

n(xi−1) and Ln
zi

(xi−1). If
Ln

n(xi−1) is smaller, then zi is deleted from the active-indices array. Otherwise,
we find zmax.

The running time. The two sequential scans use amortized O(1) time per
step, since each line can be added to or deleted from the active-indices array at
most once.

2.3 The Worst-Case Bound

To achieve the worst-case bound, we can use binary search to find zmin and zmax.
Since for a given index z and value x the function Ln

z (x) can be computed in
O(1) time, the binary search takes O(log N) time worst case.

To keep both the O(1) amortized time and the O(log N) worst-case time, we
run both the sequential search and the binary search in parallel, interleaving
their steps, stopping when the first one of the two searches completes.

3 Applications

We will now see two applications. Both will require multiple applications of our
technique, and both will be in the form
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H(d, n) = min
d−1≤j≤n−1

(
H(d − 1, j) + W

(d)
n,j

)
, (7)

where the value of W
(d)
n,j can be computed in O(1) time, and the values of H(d, n)

for d = 0 or n = d are given. The goal is to compute H(D, N). Setting

a(d)(n, j) = H(d − 1, j) + W
(d)
n,j ,

for each fixed d (1 ≤ d ≤ D), the values of a(d)(n, j) satisfy the online Monge
property in Theorem 1, i.e.,

a(d)(n, j) − a(d)(n − 1, j) = W
(d)
n,j − W

(d)
n−1,j = c(d)

n + δ
(d)
j β(d)

n . (8)

where δ
(d)
j decreases as j increases, and β

(d)
n ≥ 0.

As before, we want to compute H(d, n) in online fashion, i.e., as n increases
from 1 to N , at step n, we want to compute the set Hn = {H(d, n) | 1 ≤ d ≤ D}.
By Theorem 1, this can be done in O(D) amortized time per step. This gives a
total of O(DN) time to compute H(D, N), while the naive algorithm requires
O(DN2) time.

3.1 D-Medians on a Directed Line

The first application comes from [8]. It is the classic D-median problem when
the underlying graph is restricted to a directed line. In this problem we have N
points (users) v1 < v2 < · · · < vN , where we also denote by vi the x-coordinate
of the point. Each user vi has a weight, denoted by wi, representing the amount
of requests. We want to choose a subset S ⊆ V as servers (medians) to provide
service to the users’ requests. The line is directed, in the sense that the requests
from a user can only be serviced by a server to its left. So, v1 must be a server.
Denote by �(vi, S) the distance from vi to the nearest server to its left, i.e.,
�(vi, S) = min{vi − vl | vl ∈ S, vl ≤ vi}. The objective is to choose D servers
(not counting v1) to minimize the cost, which is

∑N
i=1 wi�(vi, S).

The problem can be solved by the following DP. Let H(d, n) be the minimum
cost of servicing v1, v2, . . . , vn using exactly d servers (not counting v1). Let
Wn,j =

∑n
l=j+1 wl(vl − vj+1) be the cost of servicing vj+1, . . . , vn by server

vj+1. Then

H(d, n) =

⎧⎪⎨
⎪⎩

0 n = d
Wn,0 d = 0, n ≥ 1

min
d−1≤j≤n−1

(H(d − 1, j) + Wn,j), 1 ≤ d < n

The optimal cost we are looking for is H(D, N).
To see the online Monge property, since

Wn,j − Wn−1,j = wn(vn − vj+1),
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we have cn = wnvn, δj = −vj+1 and βn = wn, satisfying (8). So, Theorem 1
will solve the online problem in O(D) amortized time per step. Hence, the total
time to compute H(D, N) is O(DN).

[8] also gives an O(DN) time algorithm, by observing the standard Monge
property and applying the SMAWK algorithm. The algorithm in this paper
has smaller constant factor in the O(·) notation, and hence is more efficient
in practice. Further more, the online problem makes sense in this situation.
It is known as the one-sided online problem. In this problem, a new user is
added from right in each step. When a new user comes, our algorithm recom-
putes the optimal solution in O(D) time amortized and O(D log N) time worst
case.

We note that the corresponding online problem for solving the D-median
on an undirected line was treated in [9], where a problem-specific solution was
developed. The technique in this paper is a generalization of that one.

3.2 Wireless Mobile Paging

The second application comes from wireless networking [10]. In this problem, we
are given N regions, called the cells, and there is a user somewhere. We want to
find which cell contains the user. To do this, we can only query a cell whether
the user is in or not, and the cell will answer yes or no. For each cell i, we know
in advance the probability that it contains the user, denote it by pi. We assume
p1 ≥ p2 ≥ · · · ≥ pN . We also approximate the real situation by assuming the
cells are disjoint, so pi is the probability that cell i contains the user and no
other cell does.

There is a tradeoff issue between the delay and the bandwidth requirement.
For example, consider the following two strategies. The first strategy queries all
cells simultaneously, while the second strategy consists of N rounds, querying
the cells one by one from p1 to pN , and stops as soon as the user is found.
The fist strategy has the minimum delay, which is only one round, but has
the maximum bandwidth requirement since it queries all N cells. The second
strategy has the maximum worst case delay of N rounds, but the expected
bandwidth requirement is the minimum possible, which is

∑N
i=1 ipi queries. In

the tradeoff, we are given a parameter D, which is the worst case delay that can
be tolerated, and we are going to find an optimal strategy that minimize the
expected number of queries.

It is obvious that a cell with larger pi should be queried no later than one with
smaller pi. So, the optimal strategy actually breaks the sequence p1, p2, . . . , pN

into D contiguous subsequences, and queries one subsequence in each round. Let
0 = r0 < r1 < · · · < rD = N , and assume in round i, we query the cells from
pri−1+1 to pri . Recall that the cells are disjoint. The expected number of queries,
defined as the cost, is

D∑
i=1

ri

⎛
⎝ ri∑

l=ri−1+1

pl

⎞
⎠ . (9)
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[10] developed a DP formulation to solve the problem. It is essentially the
following DP. Let H(d, n) be the optimal cost for querying cells p1, . . . , pn using
exactly d rounds. Denote Wn,j = n

∑n
l=j+1 pl the contribution to (9) of one

round that queries pj+1, . . . , pn. Then

H(d, n) =

⎧⎪⎨
⎪⎩

∑n
l=1 lpl n = d

∞ d = 0, n ≥ 1
min

d−1≤j≤n−1
(H(d − 1, j) + Wn,j), 1 ≤ d < n

[10] applied the naive approach to solve the DP in O(DN2) time. Actually, this
DP satisfies the online Monge property. Since

Wn,j − Wn−1,j = npn +
n−1∑

l=j+1

pl,

we can set cn = npn +
∑n−1

l=1 pl, δj = −∑j
l=1 pl and βn = 1, satisfying (8).

So, the DP can be solved in O(DN) time, using either the SMAWK algorithm
or the technique in this paper. However, in this problem, there is no physical
interpretation to the meaning of the online situation. But, due to the simplicity
of our algorithm, it runs faster than the SMAWK algorithm in practice, as
suggested by the experiments in [11], and is therefore more suitable for real time
applications.
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A Dropping the Extra Condition

This appendix will show how to drop the condition that

– the values of δj can be computed in O(1) time, provided that the values of
h(i) for 1 ≤ i < j are known.

In real applications, this doesn’t seem to be an issue. For example, in both of the
applications in Section 3, the value of δj can easily be computed in O(1) time
when needed, and in neither of the applications does δj depend on the previously-
computed values of h(i) for 1 ≤ i < j. It is a theoretical issue, though, so in this
appendix, we will show how to dispense with the condition.

Recall (2) from Theorem 1. It is true that we cannot compute δn from other
values available at step n, since the constraints containing δn will only appear
from step n + 1. However, it suffices to compute δn at step n + 1, since we can
modify the algorithm a little bit. The only place that uses δn in step n of the
algorithm is in the addition of new line Ln

n(x) to the lower envelope. After that,
the algorithm computes h(n) by evaluating the value of the lower envelope at
x = 0, and then precedes to step n + 1. So, we can postpone the addition of line
Ln

n(x) to the beginning of step n + 1, after we compute δn. To compute h(n) at
step n, we can evaluate the value of the lower envelope without Ln

n(x) at x = 0,
compare it with Ln

n(0) = a(n, n), and take the smaller of the two. Hence, what
is left is to show

Lemma 5. A feasible value of δn can be computed in O(1) time at step n + 1.

Proof. We will show an algorithm that computes cn and βn at step n, and
computes δn at step n+1. There are actually many feasible solutions of cn, βn and
δj for (2). Consider a particular solution cn, βn and δj . If we set c′n = cn + xβn,
β′

n = βn and δ′j = δj − x for some arbitrary value x, then the new solution c′n,
β′

n and δ′j still satisfies (2). This gives us the degree of freedom to choose δ1. We
choose δ1 = 0 and immediately get

cn = a(n, 1) − a(n − 1, 1), ∀ 1 < n ≤ N.

So, we can compute cn at step n.
What is left is to compute βn and δj . The constraints (2) become ∀ 1 < j <

n ≤ N ,
δjβn = a(n, j) − a(n − 1, j) − cn. (10)

β2 does not show up in the constraints (10). In fact, the value of β2 will not affect
the algorithm. So, we can choose an arbitrary value for it, e.g. β2 = 0. All other
values, βn (3 ≤ n ≤ N) and δj (2 ≤ j ≤ N), appear in the constraints (10),
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but we still have one degree of freedom. Consider a particular solution βn and
δj to the constraints (10). If we set β′

n = βn/x, and δ′j = δj · x for some x > 0,
then we obtain another feasible solution. So, we can choose δ2 to be an arbitrary
negative value, e.g. δ2 = −1. The rest is easy. In step n, we can compute βn by

βn = [a(n, 2) − a(n − 1, 2) − cn]/δ2,

and in step n + 1, we compute δn by

δn = [a(n + 1, n) − a(n, n) − cn+1]/βn+1.

Hence, the lemma follows.
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Abstract. Let P be a set of n weighted points. We study approximation
algorithms for the following two continuous facility-location problems.

In the first problem we want to place m unit disks, for a given constant
m � 1, such that the total weight of the points from P inside the union
of the disks is maximized. We present a deterministic algorithm that can
compute, for any ε > 0, a (1− ε)-approximation to the optimal solution
in O(n log n + ε−4m log2m(1/ε)) time.

In the second problem we want to place a single disk with center in
a given constant-complexity region X such that the total weight of the
points from P inside the disk is minimized. Here we present an algo-
rithm that can compute, for any ε > 0, with high probability a (1 + ε)-
approximation to the optimal solution in O(n(log3 n + ε−4 log2 n)) ex-
pected time.

1 Introduction

Let P be a set of n points in the plane, where each point p ∈ P has a given
weight wp > 0. For any P ′ ⊆ P , let w(P ′) =

∑
p∈P ′ wp denote the sum of the

weights over P ′. We consider the following two geometric optimization problems:

– M(P, m). Here we are given a weighted point set P and a parameter m, where
m is an integer constant with m � 1. The goal is to place m unit disks that
maximize the sum of the weights of the covered points. With a slight abuse
of notation, we also use M(P, m) to denote the value of an optimal solution,
that is,

M(P, m) = max {w(P ∩ U) | U is the union of m unit disks} .

– min(P, X). Here we are given a weighted point set P and a region X of
constant complexity in the plane. The goal is to place a single unit disk with
center in X that minimizes the sum of the weights of the covered points.
Note that the problem is not interesting if X = R

2. We use min(P, X) as the
value of an optimal solution, that is,

min(P, X) = min {w(P ∩ D) | D is a unit disk whose center is in X} .
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The problems under consideration naturally arise in the context of locational
analysis, namely when considering placement of facilities that have a fixed area of
influence, such as antennas or sensors. M(P, m) models the problem of placing
m of such new facilities that maximize the number of covered clients, while
min(P, X) models the placement of a single obnoxious facility. min(P, X) also
models the placement of a facility in an environment of obnoxious points.

Related work and other variants. Facility location has been studied extensively
in many different variants and it goes far beyond the scope of our paper to
review all the work in this area. We confine ourselves to discussing the work
that is directly related to our variant of the problem. For a general overview of
facility-location problems in the plane, we refer to the survey by Plastria [16].

The problem M(P, m) for m = 1 was introduced by Drezner [10]. Later
Chazelle and Lee [7] gave an O(n2)-time algorithm for this case. An approxima-
tion algorithm has also been given: Agarwal et al. [1] provided a Monte-Carlo
(1− ε)-approximation algorithm for M(P, 1) when P is an unweighted point set.
If we replace each point p ∈ P by a unit disk centered at p, then M(P, 1) is
reduced to finding a point of maximum depth in the arrangement of disks. This
implies that the recent results of Aronov and Har-Peled [2] give a Monte-Carlo
(1− ε)-approximation algorithm that runs in O(nε−2 log n) time. Both the run-
ning time and the approximation factor hold with high probability. Although
the algorithm is described for the unweighted case, it can be extended to the
weighted case, giving an O(nε−2 log n log(n/ε)) time algorithm.

Somewhat surprisingly, the problem M(P, m) seems to have not been studied
so far for m > 1. For m = 2, however, Cabello et al. [4] have shown how to
solve a variant of the problem where the two disks are required to be disjoint.
(This condition changes the problem significantly, because now issues related to
packing problems arise.) Their algorithm runs in O(n8/3 log2 n) time.

The problem min(P, X) was first studied by Drezner and Wesolowsky [11], who
gave an O(n2)-time algorithm. Note that if as before we replace each point by
a unit disk, the problem min(P, X) is reduced to finding a point with minimum
depth in an arrangement of disks restricted to X . This means that for unweighted
points sets, we can use the results of Aronov and Har-Peled [2] to get a (1 +
ε)-approximation algorithm for min(P, X) in O(nε−2 log n) expected time. For
technical reasons, however, this algorithm cannot be trivially modified to handle
weighted points.

The extension of min(P, X) to the problem of placing of m unit disks, without
extra requirements, would have a solution consisting of m copies of the same
disk. Hence, we restrict our attention to the case m = 1. (Following the paper
by Cabello et al. [4] mentioned above one could study this problem under the
condition that the disks be disjoint, but in the current paper we are interested
in possibly overlapping disks.)

There are several papers studying these problems for other shapes than unit
disks. The problem min(P, X) for unit squares—this problem was first considered
by Drezner and Wesolowsky [11]—turns out to be significantly easier than for
disks and one can get subquadratic exact algorithms: Katz, Kedem, and Segal
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[13] gave an optimal O(n log n) algorithm that computes the exact optimum.
For disks this does not seem to be possible: Aronov and Har-Peled [2] showed
that for disks min(P, X) and also M(P, 1) are 3SUM-HARD [12], that is, these
problems belong to a class of problems for which no subquadratic algorithms
are known. (For some problems from this class, an Ω(n2) lower bound has been
proved in a restricted model of computation.) The problem M(P, 1) has also
been studied for other shapes [1]. We will limit our discussion to disks from now
on. Our algorithms can be trivially modified to handle squares, instead of disks,
or other fixed shapes of constant description; only the logarithmic factors are
affected.

Our results. As discussed above, M(P, m) is 3SUM-HARD for m = 1 and also
min(P, X) is 3SUM-HARD. Since we are interested in algorithms with near-linear
running time we therefore focus on approximation algorithms. For M(P, m) we
aim to achieve (1− ε)-approximation algorithms; given a parameter ε > 0, such
algorithms compute a set of m disks such that the total weight of all points
in their union is at least (1 − ε)M(P, m). Similarly, for min(P, X) we aim for
computing a disk such that the total weight of the covered points is at most
(1+ ε)min(P, X). When stating our bounds we consider m � 1 to be a constant
and we assume a model of computation where the floor function takes constant
time.

For M(P, m) with m � 1 we give a deterministic (1 − ε)-approximation algo-
rithm that runs in O(n log n + nε−4m log2m(1/ε)) time. As a byproduct of our
approach, we also consider an exact algorithm to compute M(P, m); it runs in
O(n2m−1 log n) time. For m = 1, we improve [1,2]. For m > 1, we obtain the
first near-linear time algorithms.

For min(P, X) we give a randomized algorithm that runs in O(n(log3 n +
ε−4 log2 n)) expected time and gives a (1+ε)-approximation with high probabil-
ity. This is the first near-linear time approximation algorithm for this problem
that can handle weighted points.

2 Notation and Preliminaries

It will be convenient to define a unit disk as a closed disk of diameter 1. Let
s :=

√
2/2, so that a square of side s has diagonal of unit length and can be

covered by a unit disk, and let Δ = 3ms. (Recall that m is the number of disks
we want to place.) We assume without loss of generality that no coordinate of
the points in P is a multiple of s. For a positive integer I we use the notation
[I] to denote the set {0, 1, 2, . . . , I}. For a pair (a, b) ∈ [3m]2, we use G(a,b) to
denote the grid of spacing Δ such that (as, bs) is one of the grid vertices, and
we define G := G(0,0). We consider the cells of a grid to be open. Finally, we let
L(a,b) denote the set of grid lines that define G(a,b). Thus L(a,b) is given by

{(x, y) ∈ R
2 | y = bs+k ·Δ and k ∈ Z}∪{(x, y) ∈ R

2 | x = as+k ·Δ and k ∈ Z}

The following lemma follows from an easy counting argument.
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Lemma 1. Let U := D1 ∪ · · ·∪Dm be the union of m unit disks. There is some
(a, b) ∈ [3m]2 such that L(a,b) does not intersect U so that each disk Di is fully
contained in a cell of G(a,b). ��
Throughout the paper we use the expression with high probability, or whp for
short, to indicate that, for any given constant c > 0, the failure probability can
be bounded by n−c. (In our algorithms, the value c affects the constant factor
in the O-notation expressing the running time.)

An integer-weighted point set Q is a weighted point set with integer weights.
We can see Q as a multiset where each point is repeated as many times as its
weight. We use P for arbitrary weighted point sets and Q for integer-weighted
point sets. A p-sample R of Q, for some 0 � p � 1 is obtained by adding each
point of the multiset Q to R with probability p, independently. If R is a p-sample
of Q and p · w(Q) � c log n, for an appropriate constant c, then it follows from
Chernoff bounds that R has Θ(p · w(Q)) points whp.

3 Approximation Algorithms for M(P, m)

Our algorithm uses (1/r)-approximations [5,6]. In our application they can be
defined as follows. Let U be the collection of sets U ⊂ R

2 that are the union of
m unit disks, and let P be a weighted point set. A weighted point set A is a
(1/r)-approximation for P if for each U ∈ U we have: |w(U ∩ A) − w(U ∩ P )| �
w(P )/r. The following result is due to Matoušek [15].

Lemma 2. Let P be a weighted point set with n points and 1 � r � n. We can
construct in O(n(r2 log r)2m) time a (1/r)-approximation A for P consisting of
O(r2 log r) points. ��
At first sight it may seem that this solves our problem: compute a (1/r)-
approximation for r = 1/ε, and solve the problem for the resulting set of
O(ε−2 log(1/ε)) points. Unfortunately, this is not true: the error in the approx-
imation is w(P )/r, not w(U ∩ P )/r. Hence, when w(P ) is significantly larger
than w(U ∩ P ) we do not get a good approximation. Indeed, to obtain a good
approximation we need to choose r = w(P )/(ε · M(P, m)). But now r may be-
come quite large—in fact Θ(n) in the worst case—and it seems we do not gain
anything. Nevertheless, this is the route we take. The crucial fact is that, even
though the size of the approximation may be Θ(n), we can still gain something:
we can ensure that any cell of G = G(0, 0) contains only a few points. This will
allow us to compute the optimal solution within a cell quickly. By combining
this with a dynamic-programming approach and using several shifted grids, we
can then obtain our result. We start with a lemma guaranteeing the existence
of an approximation with a few points per grid cell.

Lemma 3. Let 0 < ε < 1 be a parameter and let P be a set with n weighted
points. Let r := w(P )/(ε·M(P, m)); note that the value of r is not known. We can
find in O(n log n+nε−4m log2m(1/ε)) time a (1/2r)-approximation A for P con-
sisting of at most n points and such that each cell of G contains O(ε−2 log(1/ε))
points from A.
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Proof. Let C be the collection of cells from G that contain some point of P . For
a cell C ∈ C, define PC := P ∩C. Set r′ := 72m2/ε. For each cell C ∈ C, compute
a (1/r′)-approximation AC for PC . We next show that the set A :=

⋃
C∈C AC is

a (1/2r)-approximation for P with the desired properties.
For any cell C we have w(PC) � 9m ·M(P, m) because C can be decomposed

into 9m rectangles of size s × ms, and for each of these rectangles R we have
w(R ∩ P ) � M(P, m). Since AC is a (1/r′)-approximation for PC , we therefore
have for any U ∈ U ,

|w(U ∩ AC) − w(U ∩ PC)| � w(PC)
r′

� 9m · M(P, m)
72m2/ε

=
ε

8m
· M(P, m).

A unit disk of U ∈ U can intersect at most 4 cells of G, and therefore any U ∈ U
can intersect at most 4m cells of G. If CU denotes the cells of G intersected by
U , we have |CU | � 4m, so

|w(U ∩ A) − w(U ∩ P )| =

∣
∣
∣
∣
∣

∑

C∈CU

(w(U ∩ AC) − w(U ∩ PC))

∣
∣
∣
∣
∣

�
∑

C∈CU

|w(U ∩ AC) − w(U ∩ PC)|

�
∑

C∈CU

ε

8m
· M(P, m) � (ε/2) · M(P, m).

We conclude that A is indeed a (1/2r)-approximation for P . For constructing
the set A, we can classify the points P by cells of G in O(n log n) time, and then
for each non-empty cell C apply Lemma 2 to get a (1/r′)-approximation AC for
PC . Since m is a fixed constant, we have r′ = O(1/ε), and according to Lemma 2,
AC will contain O((r′)2 log(r′)) = O(ε−2 log(1/ε)) points. Also, computing AC

takes O(|PC | · (r′2 log r′)2m) = O(|PC | · (ε−2 log(1/ε))2m) time, and adding the
time over all cells C ∈ C, we obtain the claimed running time. ��

It is not hard to show that choosing the value of r as in Lemma 3 indeed leads
to a (1 − ε)-approximation.

Lemma 4. Let 0 < ε < 1 be a parameter and let P be a set with n weighted
points. Let A be a (1/2r)-approximation for P , where r = w(P )/(ε ·M(P, m)). If
U∗

A is an optimal solution for M(A, m), then w(P ∩U∗
A) � (1− ε) ·M(P, m). ��

It remains to find an optimal solution U∗
A for A. For a point set B, an integer

m, and a cell C, define M(B, m, C) to be the maximum sum of the weights
of B that m disks inside the cell C can cover. Let us assume that we have
an algorithm Exact(B, m, C)—later we will provide such an algorithm—that
finds the exact value M(B, m, C) in T (k, m) time. For technical reasons, we also
assume that T (k, m) has the following two properties: T (k, j) � T (k, m) for
j � m and T (k, m) is superlinear but polynomially bounded for any fixed m.
The next lemma shows that we can then compute the optimal solution for A
quickly, using a dynamic-programming approach.
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Lemma 5. Let A be a point set with at most n points such that each cell of G
contains at most k points. We can find M(A, m) in O(n log n + (n/k) · T (k, m))
time.

Proof. For each (a, b) ∈ [3m]2, let M(a,b)(A, m) be the optimal weight we can
cover with m unit disks that are disjoint from L(a,b). We have M(A, m) =
max(a,b)∈[3m]2 M(a,b)(A, m) by Lemma 1. We will show how to compute each
M(a,b)(A, m) in O(n log n + (n/k) · T (k, m)) time, which proves our statement
because m2 = O(1). First we give the algorithm, and then discuss its time bound.

Consider a fixed (a, b) ∈ [3m]2. Let C = {C1, . . . , Ct} be the cells of G(a,b)

that contain some point from P ; we have |C| = t � n. For any cell Ci ∈ C, define
Ai = A ∩ Ci.

For each cell Ci ∈ C and each j ∈ {1, . . . , m}, compute M(Ai, j, Ci) by calling
the procedure Exact(Ai, j, Ci). From the values M(Ai, j, Ci) we can compute
M(a,b)(A, m) using dynamic programming across the cells of C, as follows. Define
Bi = A1 ∪ · · · ∪Ai. We want to compute M(a,b)(Bi, j) for all i, j. To this end we
note that an optimal solution M(a,b)(Bi, j) will have � disks inside Ai, for some
0 � � � j, and the remaining j − � disks spread among the cells C1, . . . , Ci−1.
This leads to the following recursive formula:

M(a,b)(Bi, j) =
{

M(A1, j, C1) if i = 1
max0���j{M(Ai, �, Ci) + M(a,b)(Bi−1, j − �)} otherwise

Since M(a,b)(Bt, m) = M(a,b)(A, m), we end up computing the desired value
M(a,b)(A, m). This finishes the description of the algorithm.

The time used to compute M(a,b)(A, m) can be bounded as follows. Firstly,
observe that constructing Ai for all Ci ∈ C takes O(n log n) time. For computing
the values M(Ai, j, Ci) for all i, j we need time

∑

Ci∈C

m∑

j=1

T (|Ai|, j) �
∑

Ci∈C
m · T (|Ai|, m) = O

(
∑

Ci∈C
T (|Ai|, m)

)

,

where the first inequality follows because for j � m we have T (k, j) � T (k, m),
and the second one follows since m is a constant. We have |Ai| � 4k for any
Ci ∈ C because Ci intersects at most 4 cells of G. Moreover, because T (k, m) is
superlinear in k for fixed m, the sum is maximized when the points concentrate
in as few sets Ai as possible. Therefore, the needed time can be bounded by

O

(
∑

Ci∈C
T (|Ai|, m)

)

� O

⎛

⎝
�n/4k�∑

i=1

T (4k, m)

⎞

⎠ = O((n/k) · T (k, m)),

where we have used that T (4k, m) = O(T (k, m)) because T is polynomially
bounded. Once we have the values M(Ai, j, Ci) for all i, j, the dynamic program-
ming requires computing O(tm) = O(n) values M(a,b)(Bi, j), and each element
requires O(m) = O(1) time. Therefore, the dynamic programming takes O(n)
time. We conclude that finding M(a,b)(A, m) takes O(n log n + (n/k) · T (k, m))
time for any (a, b) ∈ [3m]2. ��
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Putting everything together, we obtain the following result.

Lemma 6. For any weighted point set P with n points, we can find in time
O(n log n + nε−4m log2m(1/ε) + (n/k) · T (k, m)) a set of m disks that cover a
weight of at least (1 − ε)M(P, m), where k = O(ε−2 log(1/ε)).

Proof. Given P and a parameter ε, consider the (unknown) value r = w(P )
ε·M(P,m) .

We use Lemma 3 to compute a point set A with at most n points and such that
A is a (1/2r)-approximation for P and any cell of G contains O(ε−2 log(1/ε))
points.

We then use Lemma 5 to find an optimal solution U∗
A for M(A, m). It takes

O(n log n + (n/k) · T (k, m)) time, where k = O(ε−2 log(1/ε)). From Lemma 4,
we know that w(U∗

A ∩ P ) � (1 − ε)M(P, m), and the result follows. ��

Theorem 2 below states there is an algorithm for the exact problem that uses
T (k, m) = O(k2m−1 log k) time for m > 1. For m = 1, we have T (k, 1) = O(k2)
because of Chazelle and Lee [7]. We can then use the previous lemma to obtain
our final result.

Theorem 1. Let m � 1 be a fixed positive integer constant. Given a parameter
0 < ε < 1 and a weighted point set P with n points, we can find a set of
m disks that cover a weight of at least (1 − ε)M(P, m) in time O(n log n +
nε−4m log2m(1/ε)) time. ��

Exact algorithms for M(P, m, C). We want to find the set of m disks contained
in a cell C of a grid that maximize the sum of the weights of the covered points.
Let X be the set of possible centers for a unit disk contained in C—the domain
X is simply a square with the same center as C and of side length Δ− 1 instead
of Δ.

For a point p ∈ P , let Dp be the unit disk centered at p. The weight of Dp

is wp, the weight of p. Let DP := {Dp : p ∈ P} be the set of all disks defined
by P . For a point q ∈ R

2 and a set D of weighted disks, we define depth(q,D) to
be the sum of the weights of the disks from D that contain q. Let A denote the
arrangement induced by the disks from DP . For any point q inside a fixed cell c
of A, the function depth(q,DP ) is constant; we denote its value by depth(c,DP ).
Because each disk Dp has the same size, the arrangement A can be constructed in
O(n2) time [7]. Moreover, a simple traversal of A allows us to compute depthP (c)
for all cells c ∈ A in O(n2) time.

Let VA be the set of vertices of A, let VX be the intersection points of the
boundary of X with the boundary of some disk Dp, p ∈ P , and let Vleft be set of
leftmost points from each disk Dp, p ∈ P . Finally, let V = (VA ∪ VX ∪ Vleft)∩X .
See Figure 1, left. If V = ∅, then X is contained in some cell of A and the problem
can trivially be solved. Otherwise we have

M(P, m, C) = max {w(P ∩ U) | U union of m unit disks with centers at V } ,

that is, we only need to consider disks whose centers are in V . Based on this
observation, we can solve M(P, m, C) for m > 1. We first consider the case
m = 2.
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Fig. 1. Left: Example showing the points V . The dots indicate VA ∩ X, the squares
indicate VX , and the crosses indicate Vleft ∩ X. Right: planar graph GV with V as
vertices and connected using portions of A or the boundary of X as edges.

Lemma 7. We can compute M(P, 2, C) in O(n3 log n) time.

Proof. Our approach is similar to the one used by Katz and Sharir [14]. Let A∗

the arrangement induced by the set DP of disks and the sets X and V . Let G be
the plane graph obtained by considering the restriction of A∗ to X : the vertices
of G are the vertices of A∗ contained in X and the edges of G are the edges of
A∗ fully contained in X—see Figure 1, right. For simplicity, let’s assume that
each vertex in G has degree 4, meaning that no three points of P are cocircular.
This condition can be lifted at the cost of making the discussion more tedious,
but without extra ideas. Consider a spanning tree of G and double each edge to
obtain an Euler path π. The path π has O(n2) edges and it visits each vertex of
V at least once and at most four times.

The idea of the algorithm is as follows. We want to find two vertices q, v ∈ V ,
such that P ∩ (Dq ∪ Dv) has maximum weight. If we fix q and let DP (q) ⊂ DP

denote the disks in DP not containing q, then the best pair q, v (for this choice of
q) covers a weight of depth(q,DP ) + maxv∈V depth(v,DP (q)). So our approach
is to walk along the tour π to visit all possible vertices q ∈ V , and maintain
the set D := DP (q)—we call this the set of active disks—such that we can
efficiently perform the following operations: (i) report a vertex v ∈ V maximizing
depth(v,D), and (ii) insert or delete a disk into D. Then we can proceed as
follows. Consider two vertices q′, q′′ that are connected by an edge of π. The
sets DP (q′) and DP (q′′) of active disks can differ by at most two disks. So while
we traverse π, stepping from a vertex q′ to an adjacent one q′′ along an edge of
π, we can update D with at most two insertions/deletions, and then report a
vertex v ∈ V maximizing depth(v,D). Next we show how to maintain D such
that both operations—reporting and updating—can be performed in O(n log n)
time. Since π has O(n2) vertices, the total time will then be O(n3 log n), as
claimed.

The main problem in maintaining the set of active disks D is that the inser-
tion or deletion of a disk can change depth(v,D) for Θ(n2) vertices v ∈ V . Hence,
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to obtain O(n log n) update time, we cannot maintain all the depths explicitly.
Instead we do this implicitly, as follows.

Let T be a balanced binary tree on the path π, where the leftmost leaf stores
the first vertex of π, the next leaf the second vertex of π, and so on. Thus the
tree T has O(n2) nodes. For an internal node ν we denote by Tν the subtree
of T rooted at ν. Furthermore, we define π(ν) to be the subpath of π from the
leftmost vertex in Tν to the rightmost vertex in Tν . Note that if μ1 and μ2 are
the children of ν, then π(ν) is the concatenation of π(μ1) and π(μ2). Also note
that π(root(T )) = π. Finally, note that any subpath from π can be expressed
as the concatenation of the subpaths π(ν1), π(ν2), . . . of O(log n) nodes—this is
similar to the way a segment tree [9] works.

Now consider some disk Dp ∈ DP . Since Dp has O(n) vertices from V on
its boundary, the part of π inside Dp consists of O(n) subpaths. Hence, there
is a collection N(Dp) of O(n log n) nodes in T —we call this set the canonical
representation of Dp—such that π ∩ Dp is the disjoint union of the set of paths
{π(ν) : ν ∈ N(Dp)}. We store at each node ν the following two values:

– Cover(ν): the total weight of all disks Dp ∈ D (that is, all active disks) such
that ν ∈ N(Dp).

– MaxDepth(ν): the value max{depth(v,D(ν)) : v ∈ π(ν)}, where D(ν) ⊂ D
is the set of all active disks whose canonical representation contains a node
μ in Tν .

Notice that MaxDepth(root(T )) = maxv∈V depth(v,D), so MaxDepth(root(T ))
is exactly the value we want to report. Hence, it remains to describe how to
maintain the values Cover(ν) and MaxDepth(ν) when D is updated. Consider
the insertion of a disk Dp into D; deletions are handled similarly. First we find
in O(n log n) time the set N(Dp) of nodes in T that forms the canonical rep-
resentation of Dp. The values Cover(ν) and MaxDepth(ν) are only influenced
for nodes ν that are in N(Dp), or that are an ancestor of such a node. More
precisely, for ν ∈ N(Dp), we need to add the weight of Dp to Cover(ν) and to
MaxDepth(ν). To update the values at the ancestors we use that, if μ1 and μ2

are the children of a node ν, then we have

MaxDepth(ν) = Cover(ν) + max(MaxDepth(μ1), MaxDepth(μ2)).

This means we can update the values in a bottom-up fashion in O(1) time per
ancestor, so in O(n log n) time in total. This finishes the description of the data
structure—see Katz et al [13] or Bose et al [3] for similar ideas, or how to reduce
the space requirements. ��

Theorem 2. For fixed m > 1, we can compute M(P, m, C) in O(n2m−1 log n)
time.

Proof. For m > 2, fix any m − 2 vertices v1, . . . , vm−2 ∈ V , compute the point
set P ′ = P \ (Dv1 ∪ · · · ∪ Dvm−2), and compute M(P ′, 2, C) in O(n3 log n) time
using the previous lemma. We obtain a placement of disks covering a weight of
w(P \P ′)+M(P ′, 2, C). This solution is optimal under the assumption that the
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first m − 2 disks are placed at v1, . . . , vm−2. Iterating this procedure over the
O(|V |m−2) = O(n2m−4) possible tuples of vertices v1, . . . , vm−2, it is clear that
we obtain the optimal solution for placing m disks inside C. The time we spend
can be bounded as O(n2m−4n3 log n) = O(n2m−1 log n). ��

4 Approximation Algorithms for min(P, X)

We now turn our attention to the problem min(P, X) where we wish to place
a single disk D in X so as to minimize the sum of the weights of the points
in P ∩ D. The approach consists of two stages. First, we make a binary search
to find a value T that is a constant factor approximation for min(P, X). For
this to work, we give a decision procedure that drives the search for the value T .
Second, we compute a (1+ε)-approximation of min(P, X) using a random sample
of appropriate density. In both cases, we will use the following lemma; a similar
result was obtained by Aronov and Har-Peled [2]. Recall that Da denotes the
unit disk centered at a point a.

Lemma 8. Let Q be an unweighted point set with at most n points, let X be
a domain of constant complexity, let A be a set of at most n points, and let
κ be a non-negative integer. We can decide in O(nκ + n log n) expected time if
min

(
Q, X \ (

⋃
a∈A Da)

)
� κ or min

(
Q, X \ (

⋃
a∈A Da)

)
> κ. In the former case

we can also find a unit disk D that is optimal for min
(
Q, X \ (

⋃
a∈A Da)

)
. The

running time is randomized, but the result is always correct.

Proof. Let A be the arrangement induced by the O(n) disks Da, a ∈ A, and
Dq, q ∈ Q, and let Aκ be the portion of A that has depth at most κ. The portion
Aκ has complexity O(nκ) [17] and it can be constructed using a randomized
incremental construction, in O(nκ + n log n) expected time [8]. Then, we just
discard all the cells of Aκ that are covered by any disk Da with a ∈ A, and for
the remaining cells we check if any has depth over κ and intersects X . Since X has
constant complexity, in each cell we spend time proportional to its complexity,
and the result follows. ��

The following combinatorial lemma is very similar to [2, Lemma 3.1].

Lemma 9. Let Q be an integer-weighted point set with n points, let X be any
domain, and let ΔQ = min(Q, X). Given a value k, set p = min{1, ck−1 log n},
where c > 0 is an appropriate constant. If R is a p-sample of Q and ΔR =
min(R, X), then whp it holds

(i) if ΔQ � k/2, then ΔR � kp/4;
(ii) if ΔQ � 2k, then ΔR � 3kp;
(iii) if ΔQ /∈ [k/8, 6k], then ΔR /∈ [kp/4, 3kp].

��
The idea for the decision version is to distinguish between heavy and light points.
The heavy points have to be avoided, while the light ones can be approximated
by a set of n integer-weighted points. Then we can use the previous lemma
to decide.
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Lemma 10. Let X be a domain with constant complexity. Given a weighted
point set P with n points and a value T , we can decide in O(n log2 n) expected
time whether (i) min(P, X) < T , or (ii) min(P, X) > 2T , or (iii) min(P, X) ∈
(T/10, 10T ), where the decision is correct whp.

Proof. First we describe the algorithm then discuss its running time and finally
show its correctness.
Algorithm. We compute the sets A = {p ∈ P | wp > 2T } and P̃ = P \A, as well
as the domain Y = X \

⋃
a∈A Da. If Y = ∅, then we can report min(P, X) > 2T ,

since any disk with center in X covers some point with weight at least 2T . If
Y �= ∅, we construct the integer-weighted point set Q obtained by picking each
point from P̃ with weight �2nwp/T 
. Define k = 2n, and p = min{1, ck−1 log n},
where c is the same constant as in the previous lemma. We compute a p-sample
R of Q, and decide as follows: If min(R, Y ) < kp/4 we decide min(P, X) < T ; if
min(R, Y ) > 3kp we decide min(P, X) > 2T ; otherwise we decide min(P, X) ∈
(T/10, 10T ).

Running time. We can compute A, P̃ , Q, R in linear time, and check if Y =
∅ in O(n log n) time by constructing

⋃
a∈A Da explicitly using a randomized

incremental construction. Each point in P̃ has weight at most 2T , and therefore
a point in Q has an integer weight bounded by �2n · 2T/T 
 = O(n). We conclude
that Q is an integer-weighted point set with n points and weight w(Q) = O(n2).
Since p = O(n−1 log n) and kp = O(log n), it follows that R has Θ(w(Q) · p) =
Θ(n log n) points whp.

Because Y = X \
⋃

a∈A Da, we can use Lemma 8 to find if ΔR = min(R, Y ) >

3kp or otherwise compute ΔR exactly, in O(|R| log |R| + |R|kp) = O(n log2 n)
time. The running time follows.

Correctness. We next show that, whp, the algorithm gives a correct answer. For
any unit disk D centered in Y we have

w(D∩P )−T/2 �
∑

p∈D∩P

(

wp − T

2n

)

�
∑

p∈D∩P

⌊
2nwp

T

⌋

· T

2n
= w(D∩Q)· T

2n
(1)

and

w(D ∩ Q) · T

2n
=

∑

p∈D∩P

⌊
2nwp

T

⌋

· T

2n
�

∑

p∈D∩P

2nwp

T
· T

2n
= w(D ∩ P ). (2)

We conclude that w(D ∩P )− T/2 � (T/2n) ·w(D ∩Q) � w(D ∩ P ). Using the
notation ΔR = min(R, Y ), ΔQ = min(Q, Y ), and ΔP = min(P, Y ), we have

ΔP − T/2 � T

2n
· ΔQ � ΔP . (3)

The value ΔR provides us information as follows:

– If ΔR < kp/4, then ΔQ < k/2 = n whp because of Lemma 9(i). We then
have

ΔP � T

2n
ΔQ +

T

2
<

T

2n
· n +

T

2
= T.
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– If ΔR > 3kp, then ΔQ > 2k = 4n whp because of Lemma 9(ii). We then
have

ΔP � T

2n
· ΔQ >

T

2n
4n = 2T.

– If ΔR ∈ [kp/4, 3kp], then ΔQ ∈ [k/8, 6k] = [n/4, 12n] whp by Lemma 9(iii).
We then have

ΔP � T

2n
· ΔQ + T/2 < 10T and ΔP � T

2n
· ΔQ � T

2n
>

T

10
.

It follows that the algorithm gives the correct answer whp. ��

Lemma 11. Let X be a domain with constant complexity. Given a weighted
point set P with n points, we can find in O(n log3 n) expected time a value T
that, whp, satisfies T/10 < min(P, X) < 10T .

Proof. The idea is to make a binary search. For this, we will use the previous
lemma for certain values T . Note that, if at any stage, the previous lemma returns
that min(P, X) ∈ (T/10, 10T ), then we have found our desired value T , and we
can finish the search. In total, we will make O(log n) calls to the procedure of
Lemma 10, and therefore we obtain the claimed expected running time. Also,
the result is correct whp because we make O(log n) calls to procedures that are
correct whp.

Define the interval Ip = [wp, (n + 1) · wp) for any point p ∈ P , and let
I =

⋃
p∈P Ip. It is clear that min(P, X) ∈ I, since the weight of the heaviest

point covered by an optimal solution can appear at most n times in the solution.
Consider the values B = {wp, (n + 1) · wp | p ∈ P}, and assume that B =
{b1, . . . , b2n} is sorted increasingly. Note that for the (unique) index i such that
min(P, X) ∈ [bi, bi+1), it must hold that bi+1 � (n + 1)bi

We first perform a binary search to find two consecutive elements bi, bi+1 such
that min(P, X) ∈ [bi, bi+1). Start with � = 1 and r = 2n. While r �= � + 1, set
m = �(� + r)/2
 and use the previous lemma with T = bm:

– if min(P, X) < T , then set r = m.
– if min(P, X) > 2T , then set � = m.
– if T/10 < min(P, X) < 10T , then we just return T as the desired value.

Note that during the search we maintain the invariant min(P, X) ∈ [b�, br).
Since we end up with two consecutive indices � = i, r = i + 1, it must hold that
min(P, X) ∈ [bi, bi+1).

Next, we perform another binary search in the interval [bi, bi+1) as follows.
Start with � = bi and r = bi+1. While r/� > 10, set m = (� + r)/2 and call the
procedure of Lemma 10 with T = m:

– if min(P, X) < T , then set r = m.
– if min(P, X) > 2T , then set � = m.
– if T/10 < min(P, X) < 10T , then we just return T as the desired value.
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Since bi+1 � (n+1)bi, it takes O(log n) iterations to ensure that r/� � 10. During
the search we maintain the invariant that min(P, X) ∈ [�, r), and therefore we
can return the last value � as satisfying min(P, X) ∈ (�/10, 10�). ��

When we have a constant factor approximation to the value min(P, X), we can
then round the weights accordingly and take a random sample of appropriate
size to obtain a (1 + ε)-approximation. The precise statement is as follows.

Lemma 12. Let 0 < ε < 1 be a parameter, let P be a weighted point set with
n points, and let T be a value such that T/10 < min(P, X) < 10T . We can find
in O((n/ε4) log2 n) expected time a unit disk D that, whp, satisfies w(D ∩ P ) �
(1 + ε)min(P, X).

Proof. First we describe the algorithm, then show its correctness, and finally
discuss its running time. The ideas are similar to the ones used in Lemma 10.
However, now we also need to take into account the parameter ε.
Algorithm. We compute the sets A = {p ∈ P | wp > 10T } and P̃ = P \ A, as
well as the domain Y = X \

⋃
a∈A Da. Since min(P, X) < 10T by hypothesis, we

know that min(P, X) = min(P̃ , Y ) = min(P, Y ), because any disk with center
in
⋃

a∈A Da covers some point of A. We construct an integer-weighted point set
Q by picking each point from P̃ with weight �20nwp/εT 
. Define k = �20n/ε
,
and let p = min{1, ck−1ε−2 log n}, where c is an appropriate constant. Finally,
compute a p-sample R of Q, find a best disk DR for min(R, X), and report the
disk DR as solution.
Correctness. The correctness is seen using the same approach as in Lemma 9
and [2, Lemma 3.1].
Running time. For the running time, observe that A, P̃ , Q, R, Y can be computed
in O(n log n) time, like in Lemma 10. Each point in P̃ has weight at most 10T , and
therefore each point of Q has an integer weight bounded by �20n · 10T/εT 
 =
O(n/ε). We conclude that Q is an integer-weighted point set with n points and
total weight w(Q) = O(n2/ε). Note that p = O(n−1ε−1 log n) and kp =
O(ε−2 log n). Therefore, the set R has O(w(Q) · p) = O((n/ε2) log n) points whp.

Using Chernoff bound, one can see that whp ΔR = O(p ΔQ). Substituting p
and using that ΔQ � 20n

εT ΔP , we obtain

ΔR = O

(

n−1ε−1 log n
20n

εT
ΔP

)

= O

(
ΔP log n

ε2T

)

= O
(
ε−2 log n

)
.

Since Y = X \
⋃

a∈A Da, we can use Lemma 8 to find a best disk for min(R, Y ) in

O(|R| log |R| + |R|ΔR) = O(nε−2 log n log(n/ε) + nε−4 log2 n) = O(nε−4 log2 n)

expected time, as the lemma claims. ��

By applying Lemma 11 to obtain a constant factor approximation, and then
Lemma 12 to obtain a (1 + ε)-approximation, we obtain our final result.
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Theorem 3. Given a domain X of constant complexity, a parameter 0 < ε < 1,
and a weighted point set P with n points, we can find in O(n(log3 n+ε−4 log2 n))
expected time a unit disk that, with high probability, covers a weight of at most
(1 + ε)min(P, X). ��
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the edges of the decomposition (“walls”) such that every room is incident to a
vertex of the tree (has access to the corridor); for an illustration see Figure 1
which is borrowed from [6]. Let us refer to this problem as the minimum corridor
connection (MCC) problem.

Fig. 1. Minimum length tree along the corridors to connect the rooms

This problem belongs to the class of so-called generalized geometric problems
where given a collection of objects in the plane, one has to find a minimum
length network satisfying certain properties that hits each object at least once.
In particular, MCC can be viewed as a special case of the generalized geometric
Steiner tree problem where given a set of disjoint groups of points in the plane,
the problem is to find a shortest (in some metric space) interconnection tree
which includes at least one point from each group.

The most studied generalized geometric problem is the following generaliza-
tion of the classic Euclidean Traveling Salesman Problem (ETSP). Assume that
a salesman has to visit n customers. Each customer has a set of specified loca-
tions in the plane (referred to as a region or neighborhood) where the customer
is willing to meet the salesman. The objective is to find a shortest (closed) sales-
man tour visiting each customer. If each region is a single point, the problem
becomes the classic ETSP. This described generalization of ETSP is known as
the Generalized ETSP [12], or Group-ETSP, or ETSP with neighborhoods [5,8],
or the Geometric Covering Salesman Problem [1]. For short, we shall refer to
this problem as GTSP. In a similar way one can define generalizations for Min-
imum Steiner Tree (GSTP), Minimum Spanning Tree (GMST) and many other
geometric problems.

Applications. Applications for the minimum corridor connection problem and
other generalized geometric problems are naturally encountered in telecommuni-
cations, and VLSI design. For instance, a metropolitan area is divided by streets
and avenues into rectilinear blocks and the blocks must be interconnected by
an optical fiber network containing a gateway from each block. For easy main-
tenance the optical cables must be placed in the collector system which goes
strictly under the streets and avenues. The problem is to find the minimum
length network connecting all blocks. In Section 4.5 we discuss how our tech-
niques can be applied to even more generalized variants of this problem. For
the related problems and for the extended list of applications see Feremans [10],
Feremans, Labbé and Laporte [11], Mitchell [23], Reich and Widmayer [25].
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3D-applications of the generalized geometric problems, particularly MCC, ap-
pear also in constructions where, e.g., wiring has to be installed along the walls,
floors and ceilings of a multistory building such that each room has electricity,
phone lines, etc.

Related Work. To the best of our knowledge, before this article nothing was
known on complexity and approximability of the minimum corridor connection
problem; see list of open problems from the 12th Canadian Conference on Com-
putational Geometry CCCG 2000 [6].

For GTSP it is known that the problem cannot be efficiently approximated
within (2− ε) unless P=NP, see [26]. Constant factor approximations for GTSP
were developed for the special cases where neighborhoods are disjoint convex fat
objects [5,9], for disjoint unit discs [1], and for intersecting unit discs [8]. For
the general GTSP, Mata and Mitchell [22] gave an O(log n)-approximation. The
closest related work to this article is the paper by Dumitrescu and Mitchell [8],
where the authors have investigated the case of GTSP with regions given by
pairwise disjoint unit disks, and they developed a polynomial time approximation
scheme (PTAS) for this problem.

For the general GSTP, Helvig, Robins, and Zelikovsky [17] developed a poly-
nomial time nε-approximation algorithm where ε > 0 is any fixed constant. For
GSTP, GMST and several other generalized geometric problems exact search
methods and heuristics have been developed, see e.g., Zachariasen and Rohe [28],
and Feremans, Labbé and Laporte [11].

Our results and paper organization. The remainder of this extended ab-
stract is organized as follows. In Section 2 we show that the problem is strongly
NP-hard, answering an open question from CCCG 2000 on the complexity of
the minimum corridor connection, see [6].

In Section 3 we present a subexponential time exact algorithm for MCC and
a cubic time algorithm for the special case when the room connectivity graph is
k-outerplanar. (We follow [20] for the definition of “subexponential”.)

Then, in Section 4 we construct a PTAS for MCC with fat rooms having nearly
the same size, that partially solves another open question from CCCG 2000 on
the approximability of MCC, see [6]. More precisely, we consider the problem
where a square of side length q can be inscribed in each room and the perimeter
of each room is bounded from above by cq where c is a constant. In fact, we
present a framework for construction the PTASs for a variety of generalized
geometric problems restricted to (almost) disjoint fat object of nearly the same
size. We refer to this restriction as geographic clustering since one can associate
disjoint fat objects with countries on a map where all countries have comparable
(up to a constant factor) border lengths.

The framework for PTASs presented in this paper is based on Arora’s algo-
rithm for ETSP [2]. In particular, this framework allows to construct PTASs
for GTSP, GSTP, and GMST restricted to geographic clustering. The main
advantage of our techniques compared to the recent approximation scheme by
Dumitrescu and Mitchell [8] for GTSP on disjoint unit discs is that it leads to
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a more efficient approximation scheme running in time n(log n)O(1/ε) compared
to nO(1/ε) in [8]. Moreover, our techniques are applicable to many other norms
(e.g., the one which is used in MCC) and to any fixed dimensional spaces, which
resolves one of the open questions in [8].

Finally, in Section 5 we show how the algorithm for GTSP from Elbassioni et
al. [9] can be used to derive a polynomial time constant approximation algorithm
for MCC with fat rooms of varying sizes that complements our partial answer
on the open question from CCCG 2000 on the approximability of MCC, see [6].

2 Complexity of MCC

In this section, we show that the decision version of MCC is strongly NP-
complete. To show this result, we use a transformation from the connected
vertex cover problem for planar graphs with maximum degree four. In this
later problem, given a planar graph G = (V, E) such that each vertex in V has
degree at most 4, and a positive integer R ≤ |V |, the question is whether there
exists a connected vertex cover of size at most R for G, i.e., does there exist
a subset W ⊆ V with |W | ≤ R such that the subgraph induced by W is con-
nected and for each edge {u, v} ∈ E, u ∈ W or v ∈ W? It is well known that
connected vertex cover for planar graphs with maximum degree four is
NP-complete, see [14,15]. Now we state the main result of this section. Because
of space constraints, we will omit proofs in this extended abstract.

Theorem 1. The minimum corridor connection problem is NP-complete, even
when coordinates of corner points are given in unary.

3 Exact Algorithms with Branchwidth

In this section, we discuss how the problem can be solved exactly exploiting the
notion of branchwidth and k-outerplanarity.

A branch decomposition of a graph G = (V, E) is a pair (T, σ), with T an
unrooted ternary tree and σ a bijection between the leaves of T and the edge
set E. For each edge e in T , consider the two subtrees T1 and T2 obtained by
removing e from T . Let Ge,1 (Ge,2) be the subgraph of G, formed by the edges
associated with leaves in T1 (T2). The middle set of an edge e in T is the set of
vertices that are in both Ge,1 and Ge,2. The width of a branch decomposition is
the maximum size over all middle sets, and the branchwidth of a graph is the
minimum width over all branch decompositions.

A noose is a closed simple curve on the plane that intersects the plane graph
G only at vertices. To a noose, we can associate two regions of the plane (the
“inside” and the “outside”), and likewise two subgraphs: the part of G drawn
inside the noose, and the part of G drawn outside the noose. These subgraphs
intersect precisely in the vertices on the noose.

A branch decomposition (T, σ) is a sphere cut decomposition or sc-decomposi-
tion, if for every edge e in T , there is a noose of G such that the two subgraphs
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associated with it are exactly Ge,1 and Ge,2, and the noose touches each face of
G at most once. Necessarily, the set of the vertices on the noose is the middle
set of e.

A sphere cut decomposition of a plane graph of minimum width can be found
in O(n3) time with the ratcatcher algorithm of Seymour and Thomas [27], see [7].
See also [16,18,19] for a necessary improvements to the original algorithm and
implementation issues.

Dynamic programming with a branch decomposition. Instead of the
MCC problem, we consider a small generalization, which we call face cover
tree: given a plane graph G = (V, E), with edge weights w : E → N, find a
subtree T of G of minimum total weight such that each interior face has at least
one vertex on T .

We now give an algorithm that solves the face cover tree problem using
a sphere cut decomposition of G.

Theorem 2. Suppose a plane graph is given together with a sphere cut decom-
position of width at most k. Then the face cover tree problem can be solved
in O((3 +

√
5)kk · n) time.

To obtain this result, we use techniques from Dorn et al. [7]. The basic idea is
that we build a table for each edge in the branch decomposition. Assuming a root
for T , we associate to each edge e ∈ E(T ), the subgraph formed by the edges of
G associated with the leaves in T that are below e in the tree. This is one of the
subgraphs Ge,1 or Ge,2; w.l.o.g., we will assume that this is always Ge,1. A forest
T ′ that is a subgraph of Ge,1 can be extended to a solution of the face cover
tree if each face of Ge,1 that does not intersect the noose is touched by T ′ and
each subtree of T ′ contains at least one vertex in the middle set of e. We can
characterize such forests of the second type by the set of vertices in the middle
set that belong to the forest, an equivalence relation on these vertices which are
connected by the forest, the information which faces that intersect the noose are
touched by the forest, and (of course), the total length of all edges in the forest.
Having this information is also sufficient to see how the forest can be extended.

Thus, in our dynamic programming algorithm, we tabulate for each edge e in
the branch decomposition tree, for each triples (S, R, X), where S is a subset of
the middle set of e, R is an equivalence relation on S, and X is a subset of the
faces intersecting the noose of e, if there is at least one forest T ′ in Ge,1 such
that S is the set of vertices in the middle set that belong to T ′, R is the relation
on S that there is a path in T ′, and X is the set of faces intersecting the noose
of e that are touched by e, the minimum total weight of such a forest.

Using counting techniques from [7], we can show that for a middle set of size
�, such a table contains at most (3 +

√
5)� entries. (For instance, let R form

a non-crossing partition on S. We only need to distinguish whether faces are
touched whose two incident middle set vertices do not belong to S.)

It is trivial to compute the table for an edge in T incident to a leaf. For
other edges e, we combine the two tables for the two edges incident to the lower
endpoint of e. Basically, we try to combine each table entry of the left table with
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each table entry of the right table; in O(k) time, we can verify whether these
give a new table entry, and of what signature. Thus, the table for an edge can
be computed in O((14 + 6

√
5)k · k) time.

From the table of the edge to the root, we can then determine the answer to
the problem. We computed O(n) tables, and hence used O((14 + 6

√
5)k · k · n)

time. Note that 14 + 6
√

5 = 24.7770.

Consequences. Given a plane graph G = (V, E), we can divide the vertices
of G into layers. All vertices incident to the exterior face are in layer L1. For
i ≥ 1, all vertices incident to the exterior face after we removed all vertices in
layers L1, . . . , Li are in layer Li+1. A planar graph G is k-outerplanar, if it has
a planar embedding with at most k non-empty layers. It is well known that a
k-outerplanar graph has branchwidth at most 2k; this can be proved in the same
way as the proof in [4] that k-outerplanar graphs have treewidth at most 3k−1.

It is interesting to note that in some applications, graphs with small outer-
planarity will arise in a natural way. For instance, for many buildings, the wall
structure of one floor will have bounded outerplanarity, as usually, each room is
adjacent to a corridor, and each corridor is adjacent to a room with a window,
and thus, unless there is an open air part not at the exterior, this gives small
outerplanarity.

It is well long known that planar graphs have branchwidth (and treewidth)
O(

√
n). (This statement can be seen to be equivalent to the Lipton-Tarjan pla-

nar separator theorem [4,21].) The best known bound to our knowledge is the
following.

Theorem 3 (Fomin and Thilikos [13]). A planar graph with n vertices has
branchwidth at most

√
4.5 · n.

Thus we have the following consequences, where we expect that the actual run-
ning times of these algorithms will be better in practice.

Corollary 1. The face cover tree, and hence also the MCC problem can be
solved in O(n3 + 29.5539k) time on k-outerplanar graphs, and in O∗(210.1335

√
n)

time on planar graphs.

4 A PTAS for MCC with Geographic Clustering

To construct a polynomial time approximation scheme for MCC, we modify
Arora’s algorithm for ETSP [2,3]. We assume that the corner points of each of
the n rooms have integer coordinates, that each room encloses a q × q square
and has perimeter at most cq, for some constant c ≥ 4.

4.1 Perturbation and Curved Dissection

Arora’s algorithm for ETSP starts with perturbation of the instance that, with-
out great increase of the optimum, ensures that in the resulting new instance
all nodes lie on the unit grid, and the maximum internode distance is at most
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poly(n). In MCC, perturbation is not necessary. All corner points are already on
the integer grid. Further, since all rooms are connected and the perimeter of a
room is at most cq the smallest bounding box (the smallest axis parallel square
containing all rooms) has side length at most cqn. Let the size of the bounding
box be L ∈ [cqn, 2cqn] such that L/cq is a power of 2. A simple packing argument
shows that the value of the optimal solution is OPT = Ω(qn).

First we define the straight dissection of the bounding box. We stop the parti-
tioning when the side length of the square is cq. Since L ≤ 2cqn the depth of the
dissection tree is O(log n). Let the level of a square be its depth from the root in
the straight dissection tree and the level i dissection lines are the straight lines
participating in the division of the level i − 1 square into level i sub-squares.

A dissection line can cut a room into two or more parts. This causes troubles
for the dynamic programming since we have to determine for each room in which
square of the dissection it gets connected. To solve this problem we introduce a
curved dissection.

Consider a horizontal level dissection line. We replace the line by a dissection
curve by walking from left to right and whenever we hit the boundary of a room
we follow the boundary (in arbitrary direction) until the dissection line is hit
again. The obtained curve may go through some boundary segments twice. We
shortcut the curve and obtain a simple path partitioning the set of rooms in
an upper and lower set. Vertical dissection curves are defined in a similar way.
Moreover, we can easily do this such that each horizontal curve crosses each
vertical curve exactly once, i.e., the intersection is one point or a simple path.
(See Figures 2 and 3.) Notice that no two horizontal (vertical) dissection curves
intersect since, at any point on the curve, the deviation from the dissection line
is strictly less than cq/2.

The transformation of lines to curves maps each node of the straight dissection
tree onto a polygon which we denote by node polygons of the curved dissection
tree of the bounding box.

In Figure 2, dissection lines are depicted by dotted lines and dissection curves
are depicted by fat piece-wise linear curves. Notice that the middle room is
crossed by vertical and horizontal dissection lines.

4.2 Portals and Portal Respecting Trees

Let a level i dissection curve have 2im special points equally spaced on that
curve. By equally spaced we mean that the piece-wise linear fragments of the

Fig. 2. Curved dissection
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curve between two consecutive points have the same length. We refer to these
points as portals and to m as portal parameter (to be defined later).

Remember that the intersection of a horizontal and vertical curve is in general
a path. The definition above leads to two sets of portals on such paths. We
keep only the portals of the highest level curve and pick one set arbitrarily if
levels are equal. Further, we define one portal on both endpoints of each path of
intersection which we call corner portals.

To make the dynamic programming work we have to assume that if some
segment of the tree coincides with a dissection curve, it can only connect rooms
on one side of the curve. To serve rooms at the other side it has to cross the
curve. (See Figure 3.) We call a feasible tree portal respecting if these crossings
only appear at portals. We refer to the boundary segment of the node polygon
belonging to the dissection curve as the side of the node polygon. Notice that
sides may overlap. A portal respecting tree is k-light if it crosses each side of
each node polygon at most k times.
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Fig. 3. Portals and a feasible portal respecting tree

4.3 The Algorithm

First we construct the bounding box with the dissection curves. Since each room
is adjacent to at most two curves the construction can be done in O(n) time.
Next we choose a, b ∈ {1, 2, . . . , L/(cq)} at random and make the a-th horizontal
and b-th vertical dissection curve the level zero curves. The curved dissection tree
is now build in a wrap-around manner as in Arora [3]. By removing from the 4-
ary tree all branches consisting of empty node polygons, we obtain a tree having
at most O(n) leaves and O(n log n) node polygons. Then we define the portals as
in Section 4.2. Starting at the leaves of the dissection tree in a bottom-up way,
we update the dynamic programming table. For each node polygon, for each
k-elementary subset of the portals on the boundary of the polygon, and for each
partition B1, . . . , Bp of these k portals, we store the length of the optimal forest
consisting of p trees which together touch all rooms and the i-th tree connects
all portals in Bi.

For the node polygons in the leaves of the dissection tree we simply enu-
merate all such forests, since these polygons contain at most c2 rooms. For the
root polygon we guess the information for the portals on the two level one dis-
section curves separating the root polygon. We make sure that the four forests
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together form one tree. The number of different problems in one node polygon
is O(mO(k)f(k)) for some function f . Taking m = O( log n

ε ) and k = O(1
ε ) the

size of the look up table is O(n logγ n), for some constant γ.

4.4 Performance Guarantee

The performance guarantee follows from the following theorem.

Theorem 4 (Structure Theorem). Let OPTa,b,k,m be the length of the min-
imum k-light portal respecting tree when the portal parameter is m.

E[OPTa,b,k,m − OPT ] ≤
(

O

(
log n

m

)
+ O

(
1

k − 4

))
OPT,

where E[·] is over the random choice of (a, b)-shift.

The proof is omitted and is slightly more complicated than in Arora [3]. Taking
m = O( log n

ε ) and k = O(1
ε ) we derive the following result.

Theorem 5. The randomized algorithm described above returns a feasible tree
of length at most (1 + ε)OPT in time n(log n)O(1/ε).

To derandomize the algorithm, we can simply go through all possible choices for
a and b. More sophisticated derandomization techniques are described in Rao
and Smith [24]. In fact, a straightforward adaption of a more careful analysis
presented in [24] can also significantly improve the running times presented in
this extended abstract. For two dimensional space this would even imply an
O(n log n) time and O(n) space PTAS for MCC and other geometric problems
with geographic clustering.

4.5 Extensions of the PTAS

As in Arora [2,3] we did not use much of the specifics of MCC. The basic idea
to tackle the generalized geometric problems with geographic clustering is to
introduce the curved dissection, new stoppage criteria and then to use the fact
that under geographic clustering the lengths of the dissection curves only differ
by a constant factor from the lengths of the dissection lines, yielding the same
(up to a constant factor) charges to the objective function as in non-generalized
versions of the geometric problems. In this way, with slight modifications in the
analysis of the algorithm, we can derive PTASs for GTSP, GSTP, GMST and
many other generalized geometric problems. Moreover, the approach is natu-
rally applicable to many other norms, e.g., we can straightforwardly adopt the
approximation scheme to any Lp norm. Also notice, that the requirement that
the partition of the polygon must be rectilinear is not crucial. It is sufficient to
assume that the walls of each room are given by a sequence of line segments
forming a simple closed walk in the plane (here, the only critical assumption is
that all rooms must be fat and have comparable sizes, i.e., for each room its
perimeter must be bounded by cq where q is the minimum size over all rooms
of the maximum inscribed square or ball and c is a fixed constant).
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Dumitrescu and Mitchell in [8] pointed out that in their approximation scheme
for GTSP only some of the arguments for disjoint discs can be lifted to higher
dimensions and, naturally, one of the open questions they listed was: “What
approximation bounds can be obtained in higher dimensions?” It is well known,
see e.g., [2,3,24], that Arora’s algorithm for ETSP is applicable also in higher
fixed dimensional spaces. Using literally the same argumentation as in [2] and our
construction for MCC with geographic clustering, one can derive the following
theorem.

Theorem 6. If the corner points of the rooms are in Rd, the MCC with ge-
ographic clustering admits a randomized PTAS running in n(log n)(O(

√
d/ε))d−1

time. Derandomization of the algorithm in this case will cost an additional factor
of O(nd) leading to overall running time of nd+1 (log n)(O(

√
d/ε))d−1

.

The same holds for GTSP, GSTP and GMST. This resolves the open question
from Dumitrescu and Mitchell [8].

5 An Approximation Algorithm for MCC with Rooms of
Varying Sizes

Elbassioni et al. [9] give a simple constant factor approximation algorithm for
GTSP, where the factor depends on the fatness of the regions. Here we modify
their algorithm and proof to obtain a constant factor approximation algorithm
for MCC.

For any room Ri, i ∈ {1, . . . , n}, we define its size ρi as the side length of
the smallest enclosing square of the room. We restrict to rooms for which the
perimeter is bounded by the size of the room, lets say at most 4ρi. A room R
is said to be α-fat if for any square Q whose boundary intersects R and whose
center lies in R, the area of the intersection of R and Q is at least α/4 times the
area of Q. Note that the fatness of a square is 1 and in general α ∈ [0, 1].
Algorithm Greedy:

(1) Pick the corner points pi ∈ Ri, i ∈ {1, . . . , n}, that minimize
∑n

i=2 d(p1, pi),
where d(x, y) is the shortest distance between x and y along the walls.

(2) Let G be a graph with a vertex vi for every room Ri and d(vi, vj) = d(pi, pj).
Find a minimum spanning tree T in G.

(3) Construct a solution to MCC as follows. For every edge (vi, vj) in T , let the
minimum length (pi, pj)-path belong to the corridor. If the resulting corridor
is not a tree, break the cycles (removing edges) arbitrarily.

Lemma 1. Algorithm Greedy gives an (n−1)-approximate solution for MCC.

Proof. Consider an optimal solution and let OPT be its length. Identify for
each room Ri a point p′i in the room that is connected to the optimal tree.
The optimal tree contains a path from p′1 to p′i for all i ∈ {2, . . . , n}. Therefore,
(n − 1)OPT ≥ ∑n

i=2 d(p′1, p′i) ≥ ∑n
i=2 d(p1, pi), which is at most the length of

the tree constructed by the algorithm. �	
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Lemma 2. The length of the shortest corridor that connects k rooms is at least
ρmin(kα/2 − 2), where ρmin is the size of the smallest of these rooms.

Proof. Let P be a connecting corridor and let d(P ) denote its length (along the
walls). Let the center of a square with side length 2ρmin move along the corridor
P . The total area A covered by the moving square is at most (2ρmin)2 + 2ρmin ·
d(P ). Assume a room is connected with P at point p. Putting the center of the
square in point p we see that its boundary intersects the room. By definition
of α at least a fraction α/4 of the room is contained in the square. Therefore,
k(2ρmin)2α/4 is a lower bound on the area A. We have k(2ρmin)2α/4 ≤ A ≤
(2ρmin)2 + 2ρmin · d(P ), yielding d(P ) ≥ ρmin(kα/2 − 2), which completes the
proof. �	
Algorithm Connect:
(1) Order the rooms by their sizes ρ1 ≤ ρ2 ≤ . . . ≤ ρn. Pick any p1 on the

boundary of R1. For i = 2 up to n pick the point pi in Ri that minimizes
min{d(pi, p1), d(pi, p2), . . . , d(pi, pi−1)}, i.e., pick the point that is closest to
the already chosen points.

(2) Let G be a graph with a vertex vi for every room Ri and d(vi, vj) = d(pi, pj).
Find a minimum spanning tree T in G.

(3) Construct a solution to MCC as follows. For every edge (vi, vj) in T , let
the minimum length (pi, pj)-path belongs to the corridor. If the resulting
corridor is not a tree, break the cycles (removing edges) arbitrarily. Output
the minimum of the obtained tree and the tree constructed by algorithm
Greedy.

Theorem 7. Algorithm Connect gives a (16/α− 1)-approximate solution for
the minimum corridor connection problem in which the fatness of every room is
at least α.

Proof. If n − 1 ≤ 16/α − 1 then Greedy guarantees the approximation ratio
for smaller values of n. So assume n ≥ 16/α. Denote the set of points chosen by
Connect as P ′ = {p1, . . . , pn}. Let p∗i be the point from {p1, . . . , pi−1} that is
at minimum distance from pi. Denote the distance d(pi, p

∗
i ) by xi.

Consider some closed walk Ω connecting all rooms and assume its length is
minimum. The length of this walk is clearly an upper bound on OPT . For each
room Ri, i ∈ {1, . . . , n}, we define one connection point ri on Ω in which it
hits the room. Consider one of the two possible directions of Ω and assume
that the tour connects the rooms in the order 1, 2, . . . , n. Let k ∈ {1, . . . , n}.
We define Ti as the part of this directed walk that connects exactly k rooms at
their connection points and starts from point ri. Let ti be the length of the (not
necessarily simple) path Ti. We have OPT ≤ d(Ω) =

∑n
i=1 ti/(k − 1).

Consider some i ∈ {1, . . . , n} and let Rh(i) be the smallest room among those
from the k rooms on the path Ti. Since Ri is on this path Ti and we ordered the
rooms by their size we may assume 1 ≤ h(i) ≤ i. We partition the rooms into
two sets. Let F be the set of rooms for which h(i) = i and let H contain the
remaining rooms. Let T ′ be an MST on the point set P ′ restricted to the rooms
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in F . Then d(T ′) ≤ OPT + 2
∑

i∈F ρi. The connected graph that we construct
consists of the edges of T ′ and for all rooms i in H we add the path (pi, p

∗
i )

which has length xi. Note that the resulting graph is indeed connected and has
total length at most

OPT +
∑
i∈F

2ρi +
∑
i∈H

xi.

We define γ = kα/2 − 2. From Lemma 2 we know

ti ≥ γρi, for all i ∈ F. (1)

If i ∈ H , then we argue as follows. Since the algorithm picked point pi we know
that the distance from any point in Ri to the point ph(i) (which is chosen before
pi) is at least xi. Hence, the distance from any point in Ri to any point in Rh(i)

is at least xi − 2ρh(i), implying ti ≥ xi − 2ρh(i). Additionally, we know from
Lemma 2 that ti ≥ γρh(i). Combining the two bounds we get

ti ≥ max{γρh(i), xi − 2ρh(i)} ≥ γ

γ + 2
xi, for all i ∈ H. (2)

Combining (1) and (2) we see that the MST given by the algorithm has length
at most

OPT +
∑
i∈F

2/γti +
∑

i∈H

(1 + 2/γ)ti ≤ OPT +
n∑

i=1

(1 + 2/γ)ti

≤ OPT + (1 + 2/γ)(k − 1)OPT
= OPT + (1 + 2/(kα/2 − 2))(k − 1)OPT

= OPT + k(k−1)
k−4/α OPT

It is easy to show that k(k − 1)/(k − 4/α) equals 16/α− 2 for k = 8/α − 1 and
also for k = 8/α. Furthermore, it is strictly smaller for any value in between.
Hence, there is an integer k ∈ [8/α − 1, 8/α] such that k(k − 1)/(k − 4/α) ≤
16/α − 2. Note that by the assumption in the first line of the proof we satisfy
k ∈ {1, . . . , n}. We conclude that the length of the tree given by the algorithm
is at most (16/α − 1)OPT . �	
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Abstract. In an online k-server routing problem, a crew of k servers
has to visit points in a metric space as they arrive in real time. Possible
objective functions include minimizing the makespan (k-Traveling Sales-
man Problem) and minimizing the average completion time (k-Traveling
Repairman Problem). We give competitive algorithms, resource augmen-
tation results and lower bounds for k-server routing problems on several
classes of metric spaces. Surprisingly, in some cases the competitive ratio
is dramatically better than that of the corresponding single server prob-
lem. Namely, we give a 1 + O((log k)/k)-competitive algorithm for the
k-Traveling Salesman Problem and the k-Traveling Repairman Problem
when the underlying metric space is the real line. We also prove that
similar results cannot hold for the Euclidean plane.

1 Introduction

In a k-server routing problem, k servers (vehicles) move in a metric space in
order to visit a set of points (cities). Given a schedule, that is, a sequence of
movements of the servers, the time at which a city is visited for the first time
by one of the servers is called the completion time of the city. The objective is
to find a schedule that minimizes some function of the completion times.

We study k-server routing problems in their online version, where decisions
have to be taken without having any information about future requests. New
requests may arrive while processing previous ones. This online model is often
called the real time model, in contrast to the one-by-one model, which is the more
common model in texts about online optimization [5], but inadequate for server
routing problems. The same real time model is also the natural model and indeed
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is used for machine scheduling problems [22]. In fact, many of the algorithms for
online routing problems are adaptations of online machine scheduling algorithms.

Competitive analysis [5] has become the standard way to study online opti-
mization problems: an online algorithm A is said to be c-competitive if, for any
instance σ, the cost of A on σ is at most c times the offline optimum cost on
σ. This worst-case measure can be seen as the outcome of a game between the
online algorithm and an offline adversary, that is trying to build input instances
for which the cost ratio is as large as possible.

There is an abundant amount of literature on offline server routing problems,
both in past and recent times [7, 10, 12, 14, 18]. Online single server routing
problems have a recent but growing literature. The first paper by Ausiello et al.
[3] introduced the model for the online traveling salesman problem. Later works
investigated competitiveness of the more general dial-a-ride problems [1, 11] and
studied different objective functions or different adversarial models [2, 4, 13, 16,
17, 20]. A summary of single server results is contained in the thesis [19].

Prior to this publication, there was essentially no work on online multi-server
routing problems, except for some isolated algorithms [1, 4]. We give competitive
algorithms and negative results for online multi-server routing problems, with
the objective of minimizing either makespan or average completion time. In the
case of makespan we consider the variant known as nomadic, in which the servers
are not required to return at the origin after serving all requests; the above cited
previous results refer to the other variant, known as the homing traveling sales-
man problem. Apart from being the first paper dedicated to multi-server online
routing problems, the results are somewhat unexpected. We give the first results
of online problems for which multiple server versions admit lower competitive
ratios than their single server counterparts. This is typically not the case for
problems in the one-by-one model; for example, it is known that in the famous
k-server problem [21] the competitive ratio necessarily grows linearly with k.

It may also be useful to draw a comparison with machine scheduling, which is
closer to routing problems in many ways. In scheduling a lot of research has been
conducted to online multiple machine problems [22]. In the one-by-one model
competitive ratios increase with increasing number of machines. In real time
online scheduling nobody has been able to show smaller competitive ratios for
multiple machine problems than for the single machine versions, though here
lower bounds do not exclude that such results exist (and indeed people suspect
they do) [8, 9].

The rest of our paper is structured as follows. After introducing our model in
Section 2, we give in Section 3 competitive algorithms and lower bounds for both
the k-Traveling Salesman and the k-Traveling Repairman in general spaces. For
these algorithms, the upper bounds on the competitive ratio match those of the
best known algorithms for the single server versions. In Section 4, we show that
in the case of the real line we have an almost optimal algorithm for large k. The
same result cannot hold in the Euclidean plane, as we show in Section 5. We
give our conclusions in Section 6.
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2 Preliminaries

We assume a real time online model, in which requests arrive over time in a
metric space M. Every request is a pair (r, x) ∈ R+ × M where r is the release
date of the request and x the location of the request. All the information about
a request with release date r, including its existence, is revealed only at time r.
Thus, an online algorithm does not know when all requests have been released.

An algorithm controls k vehicles or servers. Initially, at time 0, all these
servers are located in a distinguished point o ∈ M, the origin. The algorithm
can then move the servers around the space at speed at most 1. (We do not
consider the case in which servers have different maximum speeds; in compliance
with machine scheduling vocabulary we could say that the servers are identical
and work in parallel.) To process, or serve, a request, a server has to visit the
associated location, but not earlier than the release date of the request.

We consider so-called path metric spaces, in which the distance d between two
points is equal to the length of the shortest path between them. We also require
the spaces to be continuous, in the sense that ∀x, y ∈ M ∀a ∈ [0, 1] there is z ∈ M

such that d(x, z) = ad(x, y) and d(z, y) = (1 − a)d(x, y). A discrete space, like a
weighted graph, can be extended to a continuous path metric space in the natural
way; the continuous space thus obtained is said to be induced by the original
space. We recall that a function d : M

2 → R+ is a metric if satisfies: definiteness
(∀x, y ∈ M, d(x, y) = 0 ⇔ x = y); symmetry (∀x, y ∈ M, d(x, y) = d(y, x));
triangle inequality (∀x, y, z ∈ M, d(x, z) + d(z, y) ≥ d(x, y)). When referring to
a general space, we mean any element of our class of continuous, path metric
spaces. We will also be interested in special cases, namely the real line R and the
real halfline R+, both with the origin o at 0, and the plane R

2, with o at (0, 0).
Defining the completion time of a request as the time at which the request has

been served, the k-traveling salesman problem (k-TSP) has objective minimizing
the maximum completion time, the makespan, and the k-traveling repairman
problem (k-TRP) has objective minimizing the average completion time.

We will use σ to denote a sequence of requests. Given σ, a feasible schedule
for σ is a sequence of moves of the servers such that all requests in σ are served.
ol(σ) is the cost online algorithm ol incurs on σ, and opt(σ) the optimal offline
cost on σ. ol is said to be c-competitive if ∀σ ol(σ) ≤ c · opt(σ).

We use s1, . . . , sk to denote the k servers, and write sj(t) for the position of
server sj at time t, and dj(t) for d(sj(t), o). Finally, given a path P in M, we
denote its length by |P |.

All the lower bounds we prove hold for randomized algorithms against an
oblivious adversary [5]. In order to prove these results, we frequently resort to
the following form of Yao’s principle [6, 23].

Theorem 2.1 (Yao’s principle). Let {oly : y ∈ Y} denote the set of de-
terministic online algorithms for an online minimization problem. If X is a
distribution over input sequences {σx : x ∈ X} such that

inf
y∈Y

EX [oly(σx)] ≥ c EX [opt(σx)]
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Algorithm 1. Group Return Home (GRH)
Divide the servers into g = �k/k∗� disjoint sets (groups) of k∗ servers each. Any
remaining server is not used by the algorithm.
Initially, all servers wait at o. Every time a new request arrives, all servers not at o
return to the origin at full speed. Once all of the servers in one of the groups, say group
G (ties broken arbitrarily), are at o, compute a set of k∗ paths {P1, . . . , Pk∗} starting
at o, covering all unserved requests and minimizing maxi |Pi|. Then, for i = 1, . . . , k∗,
the i-th server in G follows path Pi at the highest possible speed while remaining at a
distance at most αt from o at any time t, for some constant α ∈ (0, 1]. Servers in other
groups continue to head towards o (or wait there) until a new request is released.

for some real number c ≥ 1, then c is a lower bound on the competitive ratio of
any randomized algorithm against an oblivious adversary.

3 Algorithms for General Metric Spaces

In this section, we give competitive algorithms and lower bounds for the k-TSP
and the k-TRP in general spaces. Our results will be formulated in a more
general resource augmentation framework [15]. We define the (k, k∗)-TSP and
(k, k∗)-TRP exactly as the k-TSP and the k-TRP, except that we measure the
performance of an online algorithm with k servers relative to an optimal offline
algorithm with k∗ ≤ k servers. Throughout the section, we let g =

⌊
k/k∗⌋.

Sections 3.1 and 3.2 give an algorithm for the (k, k∗)-TSP and the (k, k∗)-TRP
respectively. A lower bound for both problems is proved in Section 3.3.

3.1 The k-Traveling Salesman Problem

Theorem 3.1. There is a deterministic online algorithm for the (k, k∗)-TSP
with competitive ratio

1 +
√

1 + 1/2�k/k∗�−1.

The algorithm achieving this bound is called Group Return Home (Algorithm 1).
Define the distance of a group to the origin at time t as the maximum distance
of a server in the group to o at time t.

Lemma 3.1. At any time t, in the schedule generated by GRH, let
G1(t), . . . , Gg(t) be the g groups in order of nondecreasing distance to o. Then
the distance of Gi(t) to o is at most 2i−gαt.

Proof. We prove the lemma by induction on the number of requests. That is, we
show that if the lemma holds at the release date t of some request, it will hold
until the release date t + δ of the next request. Obviously, the lemma is true up
to the time the first request is given, since all servers remain at o.

Suppose a request is given at time t. By induction, we know that there are
groups G1(t), . . . , Gg(t) such that each server of group Gi(t) is at distance at most
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2i−gαt from o. For the rest of the proof we fix the order of the groups as the order
they have at time t and write Gi instead of Gi(t). Let Di(τ) = maxs∈Gi d(s(τ), o).

Between time t and t′ = t+D1(t), the lemma holds since all servers are getting
closer to o. We show that the lemma holds at t′ + δ for all δ > 0. Notice that
D1(t′ + δ) ≤ δ since every server moves at most at unit speed.

If δ ∈ (0, 21−gαt], we know that D1(t′ + δ) ≤ 21−gαt, so the lemma holds with
the groups in the same order as before.

Now, let δ ∈ (2i−1−gαt, 2i−gαt] for 2 ≤ i ≤ g. Then at time t′ + δ, group Gj is
already at o for each 1 < j < i. For group Gi, Di(t′ + δ) ≤ 2i−gαt− 2i−1−gαt =
2i−1−gαt. For group G1, D1(t′ + δ) ≤ 2i−gαt. For groups Gi+1 through Gg,
Di+1(t′ + δ) ≤ 2i+1−gαt, . . . , Dg(t′ + δ) ≤ 20αt. So the lemma holds for these
values of δ.

The last case is δ > αt. In this case all groups except G1 are at o, and because
of the speed constraint D1(t′ + δ) ≤ α(t′ + δ). Thus the lemma holds. �	
Proof (of Theorem 3.1). Let t be the release date of the last request and let
G1 be the group minimizing the distance to the origin at time t. Using Lemma
3.1 we know that D1(t) ≤ 21−gαt. Group G1 will return to the origin and then
follow the offline set of paths {P1, . . . , Pk∗}. Notice that opt(σ) ≥ t, since no
schedule can end before the release date of a request, and opt(σ) ≥ maxi |Pi|
because of the optimality of the Pi.

Let s be the server in G1 that achieves the makespan. If s does not limit its
speed after time t, we have ol(σ) ≤ t + D1(t) + maxi |Pi| ≤ (2 + 21−gα)opt(σ).

Otherwise, let t′ be the last time at which s is moving at limited speed. It is
not difficult to see that s must serve some request at that time. Let x0 be the
location of this request. Then t′ = (1/α)d(x0, o) and s continues following the
remaining part of its path, call it P ′, at full speed. Hence, ol(σ) = t′ + |P ′|.
Since opt(σ) ≥ maxi |Pi| ≥ d(o, x0) + |P ′| this yields ol(σ) ≤ (1/α)opt(σ).

Thus, the competitive ratio is at most max{2 + 21−gα, 1/α} and choosing
α in order to minimize it gives α =

√
2g−1(2g−1 + 1) − 2g−1 and the desired

competitive ratio. �	
Corollary 3.1. There is a deterministic (1 +

√
2)-competitive online algorithm

for the k-TSP.

3.2 The k-Traveling Repairman Problem

Theorem 3.2. There is a deterministic online algorithm for the (k, k∗)-TRP
with competitive ratio 2 · 31/�k/k∗�.

We call the algorithm achieving the bound Group Interval (Algorithm 2), as
it can be seen as a multi-server generalization of algorithm Interval [16]. The
algorithm is well defined since the time between two departures of the same
group is enough for the group to complete its first schedule and return to the
origin: Bi+g − Bi = 2Bi.

To sketch the proof of Theorem 3.2, we start with two auxiliary lemmas.
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Algorithm 2. Group Interval (GI)
Divide the servers into g = �k/k∗� disjoint sets (groups) of k∗ servers each. Any
remaining server is not used by the algorithm.
Let L be the earliest time that any request can be completed (wlog L > 0). For
i = 0, 1, . . ., define Bi = αiL where α = 31/g .
At time Bi, compute a set of paths Si = {P i

1 , . . . , P i
k∗} for the set of yet unserved

requests released up to time Bi with the following properties:
(i) every P i

j starts at the origin o;
(ii) maxj |P i

j | ≤ Bi;
(iii) Si maximizes the number of requests served among all schedules satisfying the
first two conditions.
Starting at time Bi, the j-th server in the (i mod g)-th group follows path P i

j , then
returns to o at full speed.

Lemma 3.2 ([16]). Let ai, bi ∈ R for i = 1, . . . , p, for which

(i)
∑p

i=1 ai =
∑p

i=1 bi, and
(ii)

∑p′

i=1 ai ≥
∑p′

i=1 bi for all 1 ≤ p′ ≤ p.

Then the
∑p

i=1 τiai ≤
∑p

i=1 τibi for any nondecreasing sequence of real numbers
0 ≤ τ1 ≤ τ2 ≤ . . . ≤ τp.

Lemma 3.3. Let Ri be the set of requests served by the set of paths Si computed
by Group Interval at time Bi, i = 1, 2, . . . and let R∗

i be the set of requests in the
optimal offline solution that are completed in the time interval (Bi−1, Bi]. Then

q∑

i=1

|Ri| ≥
q∑

i=1

|R∗
i | for all q = 1, 2, . . . .

Proof. We omit the proof, as it is basically the same as that of Lemma 4 in
[16]. �	
Proof (of Theorem 3.2). Let σ = σ1 . . . σm be any sequence of requests. By
construction of Group Interval, each request in Ri is served at most at time 2Bi.
Now, let p be such that the optimal offline schedule completes in the interval
(Bp−1, Bp]. Summing over all phases 1, . . . , p yields

ol(σ) ≤ 2
p∑

i=1

Bi|Ri| = 2 · 31/g

p∑

i=1

Bi−1|Ri|. (1)

From Lemma 3.3 we know that
∑q

i=1 |Ri| ≥ ∑q
i=1 |R∗

i | for q = 1, 2, . . . We
also know that

∑p
i=1 |Ri| =

∑p
i=1 |R∗

i |. Applying Lemma 3.2 to the sequences
ai := |Ri|, bi := |R∗

i |, τi := Bi−1, i = 1, . . . , p yields in (1)

ol(σ) ≤ 2 · 31/g

p∑

i=1

Bi−1|Ri| ≤ 2 · 31/g

p∑

i=1

Bi−1|R∗
i |. (2)
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Let C∗
j be the optimal off-line completion time of request σj . For each σj denote

by (Bφj , Bφj+1 ] the interval that contains C∗
j . This inserted in (2) yields

ol(σ) ≤ 2 · 31/g
m∑

j=1

Bφj ≤ 2 · 31/g
m∑

j=1

C∗
j = 2 · 31/g · opt(σ).

�	
Corollary 3.2. There is a deterministic 6-competitive online algorithm for the
k-TRP.

We can improve the bounds slightly such as to match the (1+
√

2)2-competitive
algorithm [16] for the TRP but at the expense of increased technical details.

3.3 Lower Bounds

Theorem 3.3. Any randomized c-competitive online algorithm for the (k, k∗)-
TSP or the (k, k∗)-TRP has c ≥ 2.

Proof. Consider the metric space induced by a star graph with m unit-length
rays, the origin being the center of the star. No request is given until time 1. At
time 1, the adversary gives a request on an edge chosen uniformly at random, at
distance 1 from the origin. The expected makespan for the adversary is 1. For
the online algorithm, we say that a server guards a ray if at time 1 the server is
located on the ray, but not at the center of the star. Then the makespan is at
least 2 if no server guards the ray where the request is released, and at least 1
otherwise. But k servers can guard at most k rays, so

E[ol(σ)] ≥ 2 ·
(

1 − k

m

)
+ 1 · k

m
≥ 2 − k

m

and the result follows by Yao’s principle, since m can be arbitrarily large. �	
Notice that this lower bound is independent of the values k and k∗. A conse-
quence of this is that the upper bounds of Sections 3.1 and 3.2 are essentially
best possible when k >> k∗, as in that case they both approach 2.

4 Algorithms for the Real Line

4.1 An Asymptotically Optimal Algorithm

Theorem 4.1. There is a deterministic online algorithm with competitive ratio
1 + O((log k)/k) for both the k-TSP and the k-TRP on the real line.

As a preliminary, we prove a similar result on the halfline. Let gk be the unique
root greater than 1 of the equation zk(z − 1) = 3z − 1.

Lemma 4.1. GPS (Algorithm 3) is gk-competitive for k-TSP and k-TRP on
the halfline.
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Algorithm 3. Geometric Progression Speeds (GPS)
As a preprocessing step, the algorithm delays every request (r, x) for which x ≥ r to
time x; that is, the release date of each request (r, x) is reset at r′ := max{r, x} (the
modified release date).
Then, let gk be the unique root greater than 1 of the equation gk

k = 3gk−1
gk−1

and define

αj = gj−k−1
k for j ∈ {2, 3, . . . , k}. For every j > 1, server sj departs at time 0 from o

at speed αj and never turns back. The first server s1 waits in o until the first request
(r0, x0) is released with 0 < x0 < s2(r

′
0). For i ≥ 0, define ti = gi

kr′0. During any
interval [ti−1, ti], s1 moves at full speed first from o to gk−1

2
ti−1 and then back to o.

Proof. First, notice that the modified release date of a request is a lower bound
on its completion time. Thus it is enough to prove that, for every request (r, x),
the time at which it is served is at most gkr′.

For 1 < j < k, we say that a request (r, x) is in zone j if αj ≤ x/r′ < αj+1.
We also say that a request is in zone 1 if x/r′ < α2, and that it is in zone k if
x/r′ ≥ αk. By construction, every request is in some zone and a request in zone
j will be eventually served by server sj .

For a request (r, x) in a zone j with 1 < j < k, since the request is served
by server sj at time x/αj and since x ≤ αj+1r, the ratio between completion
time and modified release date is at most αj+1/αj = gk. Similarly, for a request
in zone k, since x ≤ r′, the ratio between completion time and modified release
date is at most 1/αk = gk.

It remains to give a bound for requests in zone 1. Take any such request, i.e.,
a request (r, x) such that x < α2r

′ and suppose it is served at time τ ∈ [ti−1, ti]
for some i. If r′ ≥ ti−1, then, since τ ≤ ti, the ratio between τ and r′ is at most
gk by definition of ti, i ≥ 0.

If r′ < ti−1, then, since τ > ti−1, only two possible cases remain. First, the
situation that x > gk−1

2 ti−2. Since τ = ti−1 + x and r′ ≥ x/α2, we have

τ

r′
≤ x + ti−1

x/α2
≤ α2

(
1 +

2gkti−2

(gk − 1)ti−2

)
= α2

3gk − 1
gk − 1

= α2g
k
k = gk.

In the second situation, x ≤ gk−1
2 ti−2. Then r′ must be such that s1 was already

on its way back to 0 during [ti−2, ti−1], in particular r′ ≥ gkti−2 − x. Thus,

τ/r′ ≤ gkti−2 + x

gkti−2 − x
≤ 3gk − 1

gk + 1
≤ gk. �	

The algorithm for the real line simply splits the k servers evenly between the
two halflines, and uses GPS on each halfline.

Lemma 4.2. For any k ≥ 2, SGPS (Algorithm 4) is g�k/2�-competitive for the
k-TSP and the k-TRP on the line.

Proof. The only lower bounds on the offline cost that we used in the proof of
Lemma 4.1 were the distance of every request from o and the release date of
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Algorithm 4. Split Geometric Progression Speeds (SGPS)
Arbitrarily assign �k/2� servers to R+ and �k/2� servers to R−. On each of the two
halflines, apply Algorithm 3 independently (i.e., ignoring the requests and the servers
in the other halfline).

every request. They are valid independent of the number of offline servers. In
particular, they hold if the number of offline servers is twice the number of online
servers. Thus, we can analyze the competitiveness of the online servers on each of
the two halflines separately and take the worst of the two competitive ratios. �	
Lemma 4.3. For any k ≥ 1, gk ≤ 1 + 2 log k+3

k .

Proof. We defined gk as the unique root greater than 1 of zk = 1 + 2z
z−1 . Since

limz→∞ zk > limz→∞ 1+ 2z
z−1 , it suffices to prove that z0 := 1+ 2 log k+3

k satisfies

zk
0 ≥ 1 + 2z0

z0−1 . The binomial theorem and the standard fact that
(
k
j

) ≥ kj

jj yield

zk
0 − 1 =

k∑

j=1

(
k

j

)
(2 log k + 3)j

kj
≥

k∑

j=1

(2 log k + 3)j

jj
≥

�log k�+1∑

j=1

(2 log k + 3
j

)j

≥
�log k�+1∑

j=1

2j ≥ 2log k+1 − 2 = 2k − 2.

Now it can be verified that for all k > 2, 2k − 2 > 2k
2 log k+3 + 2 = 2z0

z0−1 . Finally,
the bound also holds for k ∈ {1, 2} as seen by explicitly finding g1 and g2. �	
Theorem 4.1 now follows from Lemma 4.2 and Lemma 4.3.

4.2 Lower Bounds

Theorem 4.2. Any randomized c-competitive online algorithm for the k-TSP
or the k-TRP on the line has c ≥ 1 + 1/2k = 1 + Ω(1/k).

Proof. The adversary gives a single request at time 1, in a point drawn uniformly
at random from the interval [−1, 1]. The expected optimal cost is obviously 1.
Thus, by Yao’s principle it suffices to show that E[ol(σ)] ≥ 1 + 1/2k.

In order to bound E[ol(σ)], let f(x) = minj∈{1,...,k} d(x, sj(1)). Notice that
1 + f(x) is a lower bound on the cost paid by the online algorithm, assuming
that the request was given at x. In terms of expected values,

E[ol(σ)] ≥ E[1 + f(x)] = 1 +
1
2

∫ 1

−1

f(x)dx.

Thus, we want to find the minimum value of the area below f in [−1, 1]. That
area is minimized when the servers are evenly spread inside the interval and at
distance 1/k from the extremes, in which case its value is 1/k. �	



92 V. Bonifaci and L. Stougie

5 Lower Bounds on the Plane

Comparing the results in Section 3 with those in Section 4, we see that while
in general spaces the competitive ratio of both the k-TSP and the k-TRP al-
ways remains lower bounded by 2, on the real line we can achieve 1 + o(1)
asymptotically. A natural question is whether on a low-dimensional space like
the Euclidean plane we can also achieve 1+ o(1) competitiveness. In this section
we answer this question negatively.

Theorem 5.1. Any randomized c-competitive online algorithm for the k-TSP
on the plane has c ≥ 4/3.

Proof. As a crucial ingredient of the proof we introduce a new kind of request,
which is located in a single point x of the space but has an arbitrarily long pro-
cessing time p (this processing time can be divided among the servers processing
the request). We show how this can be emulated in the Euclidean plane with
arbitrarily good precision by giving a high enough number of requests packed
inside an arbitrarily small square around x.

Fix some arbitrary ε > 0. Consider a square with sidelength s =
√

εp centered
around x. The square can be partitioned in s2/ε2 smaller squares of sidelength
ε. In the center of each of these smaller squares we give a request. Notice that
the distance between any pair of such requests is at least ε. Thus, the sum of
the times required for any k servers to serve all requests is at least ( s2

ε2 − k)ε, no
matter where the servers start (the −kε term reflects the possible saving each
server could have by starting arbitrarily close to the first request he serves).

For ε tending to zero, the requests converge to the point x and the total
processing time needed converges to p. If the starting points of the servers are
most favourable, an algorithm could finish serving all requests in time p/k.

We show how to use such a “long” request to achieve our lower bound. At
time 1, the adversary gives a long request of processing time p = 2k in a point
drawn uniformly at random from {(1, 0), (−1, 0)}. The expected optimal cost is
1 + p/k = 3. By Yao’s principle, it remains to prove that E[ol(σ)] ≥ 4.

Since there is a single long request, we can assume wlog that all the online
servers will move to the request and contribute to serving it. Since p = 2k, the
server that will contribute most to the service will have to spend time at least
2k/k = 2 in x, and this is enough for any other server to arrive and give a
contribution (since at time 1 no server can be farther than 2 from x).

Suppose wlog that the servers are numbered in order of nondecreasing distance
to x and let di = d(x, si(1)). ol(σ) ≥ 1 + t0, with t0 the time needed for
the servers to completely serve the request, i.e., the time when its remaining
processing time is zero. Thus, t0 satisfies

∑k−1
i=1 i(di+1 − di) + k(t0 − dk) = p ,

since during interval [di, di+1) exactly i servers are processing the request. Hence,

kt0 = p + kdk −
k−1∑

i=1

i(di+1 − di) = p +
k∑

i=1

di.
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Now consider the positions of the online servers at time 1 inside the ball of
radius 1 around the origin. Regarding points as vectors in R

2, di can be written
as ||si(1) − x|| (here || · || denotes the L2 norm). Then

k∑

i=1

di =
∑

i

||si(1) − x|| ≥ ||
∑

i

(si(1) − x)||

= k||1
k

∑

i

si(1) − x|| = k||b − x|| = k · d(b, x),

where b = 1
k

∑
i si(1) is the centroid of the si(1). Hence,

E[ol(σ)] ≥ 1 + E[t0] ≥ 1 + p/k + E[d(b, x)] =
= 3 + (1/2) d(b, (1, 0)) + (1/2) d(b, (−1, 0))
≥ 3 + (1/2) d((1, 0), (−1, 0)) = 4. �	

A similar technique gives an analogous lower bound for the k-TRP on the plane.

Theorem 5.2. Any randomized c-competitive online algorithm for the k-TRP
on the plane has c ≥ 5/4.

6 Conclusions and Open Problems

After analyzing the differences between multiple and single server variants, we
can conclude that sometimes having multiple servers is more beneficial to the
online algorithm than to the offline adversary. In some cases, including the trav-
eling repairman problem on the line, the online algorithms can approach the
offline cost when there are enough servers. In more general spaces, these ex-
tremely favorable situation cannot occur. Still in some intermediate cases, like
the Euclidean plane, it is conceivable that the competitive ratios become lower
than those of the corresponding single server problems. We leave the analysis of
the competitive ratio in these situations as an open problem.
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Abstract. The paging algorithm LRU-2 was proposed for use in data-
base disk buffering and shown experimentally to perform better than
LRU [O’Neil, O’Neil, and Weikum, 1993]. We compare LRU-2 and LRU
theoretically, using both the standard competitive analysis and the newer
relative worst order analysis. The competitive ratio for LRU-2 is shown
to be 2k for cache size k, which is worse than LRU’s competitive ratio
of k. However, using relative worst order analysis, we show that LRU-
2 and LRU are asymptotically comparable in LRU-2’s favor, giving a
theoretical justification for the experimental results.

1 Introduction

On many layers in a computer system, one is faced with maintaining a subset
of memory units from a relatively slow memory in a significantly smaller fast
memory. For ease of terminology, we refer to the fast memory as the cache and to
the memory units as pages. The cache will have size k, meaning that it can hold
at most k pages at one time. Pages are requested by the user (possibly indirectly
by an operating or a database system) and the requests must be treated one at
a time without knowledge of future requests. This makes the problem an on-line
problem [2]. If a requested page is already in cache, this is referred to as a hit.
Otherwise, we have a page fault. The treatment of a request must entail that the
requested page reside in cache. Thus, the only freedom is the choice of a page
to evict from cache in order to make room for the requested page in the case of
a page fault. An algorithm for this problem is referred to as a paging algorithm.
Other names for this in the literature are “eviction strategy” or “replacement
policy”. Various cost models for this problem have been studied. We focus on the
classic model of minimizing the number of page faults. The problem is of great
importance in database systems where it is often referred to as the database disk
buffering problem. See [2] for an overview of the paging problem, cost models,
and paging algorithms in general.

Probably the most well-known paging algorithm is LRU (Least-Recently-
Used), which on a page fault evicts the least recently used page from cache.
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The experience from real-life request sequences is that overall LRU performs
better than all other paging algorithms which have been proposed up until the
introduction of LRU-2 [12]. On a page fault, LRU-2 evicts the page with the
least recent second to last request (if there are pages in cache which have been
requested only once, the least recently used of these is evicted). Compelling
empirical evidence is given in [12] in support of the superiority of LRU-2 over
LRU in database systems. We return to this issue below. Since the introduc-
tion of LRU-2, there have been other proposals for better paging algorithms; for
example [8].

In the on-line community, there are, to our knowledge, no published results
on LRU-2. We assume that this is because it has not been possible to explain
the experimental results theoretically. In this paper, we provide a theoretical
justification of LRU-2’s superiority over LRU. More specifically, we show using
relative worst order analysis [4] that LRU-2 and LRU are asymptotically com-
parable in LRU-2’s favor. In establishing this result, we prove a general result
giving on upper bound on how well any algorithm can perform relative to LRU.

It is well-known that analysis of the paging problem is particularly problematic
for the most standard quality measure for on-line algorithms, the competitive
ratio [9,13]. This has lead researchers to investigate alternative methods. See a
long list of these in [1]. However, these methods are mostly only applicable to
the paging problem.

In contrast, it has been demonstrated that the relative worst order ratio is
generally applicable. In most cases, the relative worst order ratio makes the
same distinction between algorithms as the competitive ratio does. However, the
following is a list of results, where the relative worst order ratio has distinguished
algorithms in a situation where the competitive ratio cannot distinguish or even
in some cases favors the ”wrong” algorithm. This is not an exclusive list; we
merely highlight one result from each of these on-line problems:

– For classical bin packing, Worst-Fit is better than Next-Fit [4].
– For dual bin packing, First-Fit is better than Worst-Fit [4].
– For paging, LRU is better than FWF (Flush-When-Full) [5].
– For scheduling, minimizing makespan on two related machines, a post-greedy

algorithm is better than scheduling all jobs on the fast machine [7].
– For bin coloring [11], a natural greedy-type algorithm is better than just

using one open bin at a time [10].
– For proportional price seat reservation, First-Fit is better than Worst-Fit [6].

We refer the reader to the referenced papers for details and more results. Here,
we merely want to point out that the relative worst order ratio is an appropriate
tool to apply to on-line problems in general and the paging problem in particular.

LRU-2, along with previous results and testing of the algorithm, is described
in Section 2. Its competitive ratio is proven to be 2k in Section 3, showing that
LRU-2 has a suboptimal competitive ratio, in comparison to LRU’s competitive
ratio of k. However, in Section 4, relative worst order analysis is applied showing
that LRU-2 is asymptotically comparable to LRU in LRU-2’s favor, providing
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the theoretical justification for LRU-2’s superiority. A result which may be of
independent interest bounds cLRU,A, the factor by which any algorithm A can
be better than LRU using relative worst order analysis: cLRU,A ≤ k+1

2 .

2 LRU-2 and Experimental Results

In [12], a new family of paging algorithms, LRU-K, is defined. Here, K is a
constant which defines the algorithm. On a page fault, LRU-K evicts the page
with the least recent K’th last request (for K = 1, LRU-K is LRU). If there
are pages in cache which have been requested fewer than K times, then some
subsidiary policy must be employed for those pages. In [12], LRU is suggested
as a possible subsidiary policy. However, it would also be natural to recursively
use LRU-(K − 1). For the case of K = 2, this is the same.

The authors’ motivation for considering LRU-2 (or LRU-K in general for
various K) is that LRU does not discriminate between pages with very frequent
versus very infrequent references. Both types will be held in cache for a long
time once they are brought in. This can be at the expense of pages with very
frequent references.

The algorithm LFU (Least-Frequently-Used) which evicts the page which is
least frequently used is the ultimate algorithm in the direction of focusing on
frequency, but this algorithm appears to adjust too slowly to changing patterns
in the request sequence [13]. The family of algorithms, LRU = LRU-1, LRU-2,
LRU-3, . . . with recursive subsidiary policies can be viewed as approaching the
behavior of LFU.

A conscientious testing in [12] of particularly LRU-2 and LRU-3 up against
LRU and LFU lead the authors to conclude that LRU-2 is the algorithm of
choice.

The algorithms are tested in a real database system environment using random
references from a Zipfian distribution, using real-life data from a CODASYL
database system, and finally using data generated to simulate request sequences
which would arise from selected applications where LRU-2 is expected to improve
performance.

LRU-2 and LRU-3 perform very similarly and in all cases significantly better
than the other algorithms. Many test results are reported which can be viewed
in different ways. If one should summarize the results in one sentence, we would
say that LRU and LFU need 50–100% extra cache space in order to approach
the performance of LRU-2.

3 Competitive Ratio Characterizations

Let A(I) denote the number of page faults A has on request sequence I. The
standard measure for the quality of on-line algorithms is the competitive ratio:
CR(A) of A is CR(A) = inf {c | ∃b : ∀I : A(I) ≤ c · OPT(I) + b} , where OPT
denotes an optimal off-line algorithm [9,13].
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LRU is known to be both a conservative algorithm [14] and a marking al-
gorithm [3]. Both types of algorithms have competitive ratio k. The following
request sequence, 〈(p1, p1), (p2, p2), ..., (pk+1, pk+1), (p1, p2, p1, p2)〉, shows that
LRU-2 belongs to neither of these classes, since it faults on all of the last four
requests. Thus, it is not obvious that its competitive ratio is k. In fact the lemma
below shows that it is larger than k.

Lemma 1. The competitive ratio of LRU-2 is at least 2k for k even.

Proof. Assume that there are k+1 distinct pages, p1, p2, ..., pk+1, in slow memory,
and that k is even.

Let

P1 = 〈(p2, p2), (p3, p3), . . . , (pk+1, pk+1)〉
P2 = 〈(p2, p2), (p3, p3), . . . , (pk, pk), (p1, p1)〉

and define the request sequence Il by

〈P1, (p1, p2, p1, p2), (p3, p4, p3, p4), . . . , (pk−1, pk, pk−1, pk),
P2, (pk+1, p2, pk+1, p2), (p3, p4, p3, p4), . . . , (pk−1, pk, pk−1, pk)〉l.

After LRU-2 processes P1, the page p1 will not be in cache. Considering any
block (pi, pi+1, pi, pi+1), for 1 ≤ i ≤ k + 1 in Il (where (k + 1) + 1 will be
considered 2), it follows inductively that the page pi is not in LRU-2’s cache on
the first request in that block. The faults on pi cause pi+1 to be evicted and vice
versa until the second fault on pi+1, which causes pi+2 (or p3, if i = k + 1) to be
evicted. Thus, LRU-2 faults k times during the first occurrence of P1, never on
P1 or P2 after that, and on all 4kl of the remaining requests. OPT, on the other
hand, faults k times during the first occurrence of P1. It also faults on requests to
p1 immediately following P1 and evicts pk+1 each time. Similarly, on the requests
to pk+1 immediately following P2, it evicts p1. Thus it faults k + 2l times in all.
Since l can be arbitrarily large, this gives a ratio of 2k asymptotically. ��
Lemma 2. LRU-2 is 2k-competitive.

Proof. First notice that it is enough to prove that in each k-phase (a maximal
subsequence of consecutive requests containing exactly k distinct pages) of any
sequence I, LRU-2 faults at most two times on each of the k different pages
requested in that phase. Suppose, for the sake of contradiction, that LRU-2
faults more than two times on some page in a phase P . Let p be the first page
in P with more than two faults. At some point between the second and third
faults on p, p must have been evicted by a request to some page q. The page q is
one of the k pages in P . Thus, at this point there must be some page r in cache
which is not in P . The second to last request to r must be before the start of
P and thus before the second to last request to p. Hence, p could not have been
evicted at this point. This gives a contradiction, so there are at most 2k faults
in any k-phase. ��
The following theorem follows immediately from the previous two results:

Theorem 1. CR(LRU-2) = 2k.
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4 Relative Worst Order Characterizations

Now we show the theoretical justification for the empirical result that LRU-2
performs better than LRU. In order to do this, we use a different measure for the
quality of on-line algorithms, the relative worst order ratio [4,5], which has pre-
viously [4,5,7,10,6] proven capable of differentiating between algorithms in other
cases where the competitive ratio failed to give the “correct” result. Instead of
comparing on-line algorithms to an optimal off-line algorithm (and then com-
paring their competitive ratios), two on-line algorithms are compared directly.
However, instead of comparing their performance on the exact same sequence,
they are compared on their respective worst permutations of the same sequence:

Definition 1. Let σ(I) denote a permutation of the sequence I, let A and B be
algorithms for the paging problem, and let AW(I) = maxσ{A(σ(I))}. Let S1 and
S2 be statements about algorithms A and B defined in the following way.

S1(c) � ∃b : ∀I : AW (I) ≤ c BW (I) + b

S2(c) � ∃b : ∀I : AW (I) ≥ c BW (I) − b

The relative worst order ratio WRA,B of algorithm A to algorithm B is defined
if S1(1) or S2(1) holds.

If S1(1) holds, then WRA,B = sup {r | S2(r)} , and

if S2(1) holds, then WRA,B = inf {r | S1(r)} .

The statements S1(1) and S2(1) check that the one algorithm is always at least
as good as the other on every sequence (on their respective worst permutations).
When one of them holds, the relative worst order ratio is a bound on how much
better the one algorithm can be. In some cases, however, the first algorithm can
do significantly better better than the second, while the second can sometimes do
marginally better than the first. In such cases, we use the following definitions
(from [5], but restricted to the paging problem here) and show that the two
algorithms are asymptotically comparable in favor of the first algorithm.

Definition 2. Let A and B be algorithms for the paging problem, and let the
statement S1(c) be defined as above. If there exists a positive constant c such
that S1(c) is true, let cA,B = inf {r | S1(r)} . Otherwise, cA,B is undefined.

– If cA,B and cB,A are both defined, A and B are (cA,B, cB,A)-related.
– If cA,B is defined and cB,A is undefined, A and B are (cA,B,∞)-related.
– If cA,B is undefined and cB,A is defined, A and B are (∞, cB,A)-related.
A and B are asymptotically comparable, if(
lim

k→∞
{cA,B} ≤ 1 ∧ lim

k→∞
{cB,A} ≥ 1

)
∨

(
lim

k→∞
{cA,B} ≥ 1 ∧ lim

k→∞
{cB,A} ≤ 1

)

where k is the size of the cache.
If A and B are asymptotically comparable algorithms, then A and B are asymp-

totically comparable in A’s favor if limk→∞{cB,A} > 1.
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The relation, being asymptotically comparable in the first algorithm’s favor, is
transitive, so it gives a well defined means of comparing on-line algorithms.

Lemma 3. Asymptotically comparable in an on-line algorithm’s favor is a tran-
sitive relation.

Proof. Assume that three algorithms A, B, and C are related such that A is
asymptotically comparable to B in A’s favor and B is asymptotically comparable
to C in B’s favor.

We need to show that A is asymptotically comparable to C in A’s favor, i.e.,

( lim
k→∞

cA,C ≤ 1) ∧ ( lim
k→∞

cC,A > 1).

Since A is asymptotically comparable to B in A’s favor and B is asymptotically
comparable to C in B’s favor, we know that

( lim
k→∞

cA,B ≤ 1) ∧ ( lim
k→∞

cB,A > 1)

and

( lim
k→∞

cB,C ≤ 1) ∧ ( lim
k→∞

cC,B > 1).

It follows that

1 ≥ ( lim
k→∞

cA,B)( lim
k→∞

cB,C)

= lim
k→∞

( inf{c1 : ∃b1∀I : AW (I) ≤ c1BW (I) + b1}·
inf{c2 : ∃b2∀I : BW (I) ≤ c2CW (I) + b2})

= lim
k→∞

inf{c1c2 : ∃b1, b2∀I : AW (I) ≤ c1BW (I) + b1 ∧
BW (I) ≤ c2CW (I) + b2}

= lim
k→∞

inf{c : ∃b∀I : AW (I) ≤ cCW (I) + b}
= lim

k→∞
cA,C.

In the above, we use the fact that the c1’s and c2’s can be assumed to be non-
negative.

A similar argument shows that 1 < limk→∞ cC,A. ��
We proceed to show that LRU-2 and LRU are asymptotically comparable in
LRU-2’s favor. First, we show that LRU-2 can perform significantly better than
LRU on some sets of input.

Theorem 2. There exists a family of sequences In of page requests and a con-
stant b such that

LRUW (In) ≥ k + 1
2

LRU-2W (In) − b,

and limn→∞ LRUW (In) = ∞.
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Proof. Let In consist of n phases, where in each phase, the first k − 1 requests
are to the k − 1 pages p1, p2, . . . , pk−1, always in that order, and the last two
requests are to completely new pages. LRU will fault on every page, so it will
fault n(k + 1) times.

Regardless of the order this sequence is given in, LRU-2 will never evict any
page p′ ∈ {p1, p2, . . . , pk−1} after the second request to p′. This follows from the
fact that there are at most k − 1 pages in cache with two or more requests at
any point in time. Hence, when LRU-2 faults there is at least one page in cache
with only one request in its history. By definition, LRU-2 must use its subsidiary
policy when there exists pages in cache with less than two requests, and it must
choose among these pages. This means that LRU-2 faults at most 2(k − 1) + 2n
times.

Asymptotically, the ratio is k+1
2 . ��

The above ratio of k+1
2 cannot be improved. In fact no paging algorithm A can

be (cA,LRU, cLRU,A)-related to LRU with cLRU,A > k+1
2 .

Theorem 3. For any paging algorithm A,

cLRU,A ≤ k + 1
2

.

Proof. Suppose there exists a sequence I, where LRU faults s times on its worst
permutation, ILRU, A faults s′ times on its worst permutation, IA, and s > k+1

2 s′.
As proven in [5], there exists a worst permutation If of ILRU with respect to
LRU where all faults appear before all hits. Let I1 be the prefix of If consisting
of the s faults. Partition the sequence I1 into subsequences of length k+1 (except
possibly the last which may be shorter). We process these subsequences one at
time, possibly reordering some of them, so that A faults at least twice on all,
except possibly the last. (Note that since A will fault on the first k+1 requests, if
k ≥ 3, this last incomplete subsequence can be ignored. Otherwise, it contributes
at most an additive constant of k to the inequality in statement S1(k+1

2 ).) The
first subsequence need not be reordered. Suppose the first i subsequences have
been considered and consider the i + 1st, I ′ = 〈r1, r2, . . . , rk+1〉, of consecutive
requests in I1, where A faults at most once. Since LRU faults on every request,
they must be to k+1 different pages, p1, p2, ..., pk+1. Let p be the page requested
immediately before I ′. Clearly, p must be in A’s cache when it begins to process
I ′ (it is a paging algorithm). If rk+1 is not a request to p, then I ′ contains k + 1
pages different from p, but at most k − 1 of them are in A’s cache when it
begins to process I ′ (p is in its cache). Hence, A must fault at least twice on the
requests in I ′. On the other hand, if rk+1 is a request to p, there are exactly k
requests in I ′ which are different from p. At least one of them, say pi, must cause
a fault, since at most k − 1 of them could have been in A’s cache just before
it began processing I ′. If A faults on no other page than pi in I ′, then all the
pages p, p1, p2, . . . , pi−1, pi+1, . . . , pk must be in A’s cache just before it starts to
process I ′. Now, move the request to pi to the beginning of I ′ which causes A to
fault and evict one of the pages p, p1, p2, . . . , pi−1, pi+1, . . . , pk. Hence, it must
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fault at least one additional time while processing the rest of this reordering
of I ′. ��
Next, we show that LRU can never do significantly better than LRU-2. In or-
der to show this, we need some definitions and lemmas characterizing LRU-2’s
behavior.

Lemma 4. For any request sequence I, there exists a worst ordering of I with
respect to LRU-2 with all faults appearing before all hits.

Proof. We describe how any permutation I ′ of I can be transformed, step by
step, to a permutation ILRU-2 with all hits appearing at the end of the sequence,
without decreasing the number of faults LRU-2 will incur on the sequence. Let
I ′ consist of the requests r1, r2, . . . , rn, in that order.

If all hits in I ′ appears after all the faults, we are done. Otherwise consider
the first hit ri in I ′ with respect to LRU-2. We construct a new ordering by
moving ri later in I ′.

Let p denote the page requested by ri. First, we remove ri from I ′ and call
the resulting sequence I ′′.

If LRU-2 never evicts p in I ′′ or evicts p at the same requests in I ′′ as it
does in I ′, then insert ri after rn in I ′′. This case is trivial since the behavior of
LRU-2 on I ′ and I ′′ is the same.

Thus, we need only consider the case where p is evicted at some point after
ri−1 in I ′′, and is not evicted at the same point in I ′. Let rj , j > i, denote the
first request causing p to get evicted in I ′′ but not evicted in I ′. Insert ri just
after rj in I ′′. The resulting request sequence I ′′ is shown in Fig. 1 where rp,1

and rp,2 denote the next two requests to p (if they exist).

I ′ : 〈. . . , ri−1, ri, ri+1, . . . , rj , . . . , rp,1, . . . , rp,2, . . . 〉
I ′′ : 〈. . . , ri−1, ri+1, . . . , rj , ri, . . . , rp,1, . . . , rp,2, . . . 〉

Fig. 1. The request sequence I ′′ after moving ri

First note that moving a request to p within the sequence only affects p’s
position in the queue that LRU-2 evicts from. The relative order of the other
pages stays the same. Just before ri+1 the content of LRU-2’s cache is the same
for both sequences. Therefore, for I ′′, the behavior of LRU-2 is the same as for
I ′ until p is evicted at rj . Just after this eviction in I ′′, p is requested by ri in I ′′.
Thus, just before rj+1, the cache contents are again the same for both sequences.
This means that all pages that are in cache just before rj+1, except p, are evicted
no later for I ′′ than for I ′. Hence, no faults are removed on requests to pages
different from p, so we only need to count the faults removed on requests to p.

No faults on requests to p are removed on requests after rp,2 since after that
request the second to last request to p occurs at the same relative position in
I ′ as in I ′′, so LRU-2 cannot evict it in one and not the other. Hence, the
only potential faults that could have been removed are at the two requests rp,1

and rp,2.
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The only case that needs special care is the case where rp,1 and rp,2 both are
faults in I ′ but both are hits in I ′′. In all other cases at most one fault is removed
which is counterbalanced by the fault created on ri.

Consider the case where rp,1 and rp,2 both are faults in I ′ but neither is in
I ′′. First remove rp,1 from I ′′ and call the resulting sequence I ′′′. Since rp,2 is
a fault in I ′, p must get evicted in the subsequence 〈rp,1, . . . , rp,2〉 based on its
second to last request in that subsequence, which is the same request for both
I ′ and I ′′′. Consequently, if p is evicted in that subsequence of I ′ it must also
get evicted in that subsequence of I ′′′ and it follows that rp,2 is a fault in both
sequences and no faults have been removed.

The situation we are facing with I ′′′ is no different from the situation we faced
with I ′′. We need to insert a (removed) request to p (for I ′′ it was ri and for I ′′′

it is rp,1) without removing any faults, except that we now have increased the
number of faults among the first j requests by at least one, and we have moved
the problem of inserting a request to p later in the sequence. We now proceed
inductively on I ′′′ in the same manner as we did for I ′′ until we can insert the
request to p without removing any faults or we reach the end of the sequence
(in which case we place it there).

Thus, we obtain ILRU-2 in a finite number of steps. ��
Thus, when considering a worst case sequence for LRU-2, one can assume that
there is a prefix of the sequence containing all of the faults and no hits. In the
remaining, we will only be considering such prefixes. We define LRU-2-phases,
starting from any request in a request sequence I.

Definition 3. Let I = 〈r1, r2, ..., rn〉 be a request sequence for which LRU-2
faults on every request. The LRU-2-phase starting at request ri is P (ri) =
〈ri, ri+1, ..., rj〉, where j is as large as possible under the restriction that no page
should be requested three times in P (ri). A LRU-2-phase is complete if rj is not
the last request in the I, i.e., rj+1 is a page which occurs twice in P (ri).

Lemma 5. Each complete LRU-2-phase contains at least 2k + 1 requests to at
least k +1 distinct pages. In addition, it contains two requests to each of at least
k different pages.

Proof. By definition, within a complete LRU-2-phase, P , there is a request to
a page p immediately after that phase. This request causes a fault, and p was
requested at least twice within the phase. In order for p to be evicted within the
phase P , the second to last request to each of the k−1 other pages in cache must
have occurred more recently than the first request to p in P . Thus, counting p,
at least k distinct pages must have been requested twice in P . In addition, the
page causing the second eviction of p within P cannot have been in cache at
that point, so P consists of at least 2k + 1 requests. ��
Lemma 6. Let p be the page that starts a complete LRU-2-phase containing
exactly 2k+1 requests, then the following phase (if it exists) starts with a request
to p.
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Proof. In general after a complete LRU-2-phase, LRU-2 has at least k−1 of the
pages requested twice in that phase in cache. If the phase ends with the second
request to a page, then LRU-2 contains k of the pages requested twice. This fact
follows from the observation that by the LRU-2 policy no page with two requests
in a phase can get evicted if there is a page in cache with only one request in
that phase.

This means that a phase containing only 2k + 1 requests must end with a
request to the only page with one request in that phase. Before that request the
cache contains k pages which have all been requested twice in the current phase,
hence p is the page with the earliest second request. This means p gets evicted on
the last request in the phase and hence (by the construction of LRU-2-phases)
it must be the page starting the next phase. ��
By induction the above shows that if there exist several consecutive phases, each
containing 2k + 1 requests, then they must all begin with a request to the same
page. This then shows that if p1, p2, . . . , pk are the k pages requested twice in
a phase containing 2k + 1 requests, then after the first request in the following
phase (if it exists) all of the pages p1, p2, . . . , pk are in LRU-2’s cache.

Lemma 7. For any sequence I of page requests,

LRU-2W (I) ≤ (1 +
1

2k + 2
)LRUW (I).

Proof. Consider any sequence I of requests. By Lemma 4, there exists a worst
permutation, ILRU-2, of I such that LRU-2 faults on each request of a prefix I1

of ILRU-2 and on no requests after I1. Partition I1 into LRU-2-phases. We will
now inductively transform I1 into a sequence I ′1 such that

LRU-2(I1) ≤ (1 +
1

2k + 2
)LRUW (I ′1).

Start at the beginning of I1, and consider the LRU-2-phase starting with the
first request not already placed in a processed phase. By Lemma 6 each LRU-2-
phase contains at least a total of 2k + 1 requests to at least k + 1 distinct pages.
Since each page requested in a LRU-2-phase is at most requested twice, a LRU-
2-phase containing at least 2k+2 requests can be partitioned into two sets, each
containing at least k + 1 pages, none of which are repeated. Each of these sets
of requests can then be ordered so that LRU faults on every request.

Hence, suppose the current LRU-2-phase contains exactly 2k + 1 requests.
See Fig. 2 where | marks the beginning of a new phase in I1 which contains
exactly 2k + 1 requests. Let p1, p2, . . . , pk be the k pages requested twice and q1

be the page requested once in that phase and let p1 be the page which begin
the following phase. The request ri to p1 which starts the following phase must
evict q1 and hence all the pages p1, p2, . . . , pk are in LRU-2’s cache just before
the request to ri+1 = q2. It follows that q2 �∈ {p1, p2, . . . , pk}.
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〈. . . , |p1, . . . , q1, |ri = p1, ri+1 = q2, ri+2 . . . 〉

Fig. 2. A LRU-2-phase containing 2k + 1 requests

By moving ri to the end of the request sequence it follows from the above that
the modified phase in question now contains at least 2(k+1) requests (the 2k+1
requests and the request to q2) and by the same argument as above it follows
that it is possible to make LRU fault on every request. Hence in each such phase
LRU faults on (possibly) one request less than LRU-2. The next LRU-2-phase
to be processed starts with ri+2 or later.

Let l denote the total number of modified phases. For each modified phase
i, there are si ≥ 2(k + 1) requests, plus possibly one additional request which
LRU-2 faulted on and has been moved to the end. Thus, LRU faults at least∑l

i=1 si times and LRU-2 faults at most
∑l

i=1(si + 1) times. It
follows that

LRU-2W (I) ≤
∑l

i=1(si + 1)∑l
i=1 si

LRUW (I)

≤ l(2k + 3)
l(2k + 2)

LRUW (I)

= (1 +
1

2k + 2
)LRUW (I)

��

Combining Theorem 2 and the lemma above gives the following:

Theorem 4. LRU-2 and LRU are (1+ 1
2k+2 , k+1

2 )-related, i.e., they are asymp-
totically comparable in LRU-2’s favor.

5 Concluding Remarks

In contrast to the results using competitive analysis, relative worst order analysis
yields a theoretical justification for superiority of LRU-2 over LRU, confirming
previous empirical evidence. It would be interesting to see if these results gener-
alize to LRU-K for K > 2. Recently, we have shown that the competitive ratio
for LRU-K is kK, and that the separation result showing that LRU-K can be
better than LRU holds. The question is: Does the asymptotic comparability still
hold.

Although it was shown here that LRU-2 and LRU are asymptotically compara-
ble, it would be interesting to know if the stronger result, that LRU-2 and LRU are
comparable using relative worst order analysis, holds. If they are, then the above
results show that the relative worst order ratio of LRU to LRU-2 is k+1

2 .



106 J. Boyar, M.R. Ehmsen, and K.S. Larsen

Note that any result showing that the relative worst order ratio is defined
for two algorithms immediately gives a result showing that they are asymptot-
ically comparable. Thus, the results from [5], showing that LRU is at least as
good as any conservative algorithm and better than Flush-When-Full (FWF),
combined with the results proven here, show that LRU-2 is asymptotically
comparable to any conservative algorithm and FWF, in LRU-2’s favor in
each case.

An algorithm called RLRU was proposed in [5] and shown to be better than
LRU using relative worst order analysis. We conjecture that LRU-2 is also
asymptotically comparable to RLRU in LRU-2’s favor. We have found a family
of sequences showing that LRU-2 can be better than RLRU, but would also like
to show that the algorithms are asymptotically comparable.
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Abstract. We analyze the simple greedy algorithm that iteratively re-
moves the endpoints of a maximum-degree edge in a graph, where the
degree of an edge is the sum of the degrees of its endpoints. This algo-
rithm provides a 2-approximation to the minimum edge dominating set
and minimum maximal matching problems. We refine its analysis and
give an expression of the approximation ratio that is strictly less than 2
in the cases where the input graph has n vertices and at least ε

�
n
2

�
edges,

for ε > 1/2. This ratio is shown to be asymptotically tight for ε > 1/2.

1 Introduction

While there exist sophisticated methods yielding approximate solutions to many
NP-hard combinatorial optimization problems, the methods that are the simplest
to implement are often the most widely used. Among these methods, greedy
strategies are extremely popular and certainly deserve thorough analyses.

We study the worst-case approximation factor of a simple greedy algorithm
for the following two NP-hard problems.

Definition 1 (Minimum Edge Dominating Set)
input: A graph G = (V, E).
solution: A subset M ⊆ E of edges such that each edge in E shares an endpoint
with some edge in M .
measure: |M |.
Definition 2 (Minimum Maximal Matching)
input: A graph G = (V, E).
solution: A subset M ⊆ E of disjoint edges such that each edge in E shares
an endpoint with some edge in M .
measure: |M |.
It has been noted since long ago that Minimum Edge Dominating Set (EDS)
and Minimum Maximal Matching (MMM) admit optimal solutions of the
same size and that an optimal solution to EDS can be transformed in polynomial
� Chercheur qualifié du FNRS.

T. Erlebach and C. Kaklamanis (Eds.): WAOA 2006, LNCS 4368, pp. 108–120, 2006.
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time into an optimal solution to MMM [13], the converse transformation being
trivial.

The algorithm that we analyze in this paper uses the degree of the edges, with
the degree of an edge being the sum of the degrees of its endpoints. It iteratively
removes the highest-degree edge and updates the graph accordingly, as shown
in Algorithm 1. The algorithm returns a maximal matching, which provides a

Algorithm 1. The greedy algorithm
res← ∅
while E(G) �= ∅ do

e← arg maxe∈E(G) degG(e)
res← res ∪ {e}
for each edge f adjacent to e do

E(G)← E(G)\{f}
end for
E(G)← E(G)\{e}

end while
return res

solution to both our problems. The algorithm therefore guarantees exactly the
same approximation ratios for the two problems.

It is well-known that any maximal matching M provides a 2-approximation
for MMM, as each edge in the optimal solution can cover at most two edges of
M . Our algorithm is thus clearly a 2-approximation algorithm and is expected
to return small matchings as the greedy step always selects a high-degree edge.
We however refine this analysis, and provide a tight approximation factor as a
function of the density of the graph.

Our Contributions

We provide a new bound on the approximation ratio of the greedy heuristic for
our problems in graphs with at least ε

(
n
2

)
edges (ε-dense graphs). This bound is

asymptotic to 1/(1−√
(1 − ε)/2), which is smaller than 2 when ε is greater than

1/2. We further provide a family of tight examples for our bound. No algorithm
for ε-dense graphs with a better approximation ratio than the one shown in this
paper seems to be known.

Related Works

The MMM and EDS problems go back a long way. Both problems are already re-
ferred to in the classical work of Garey and Johnson [6] on NP-completeness. Yan-
nakakis and Gavril [13] then showed that EDS remains NP-hard when restricted
to planar or bipartite graphs of maximum degree 3, and gave a polynomial-time
algorithm for MMM in trees. Later, Horton et al. [8] and Srinivasan et al. [12] gave
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additional hard and polynomially solvable classes of graphs. More recently, Carr
et al. [2] gave a 2 1

10 -approximation algorithm for the weighted edge dominating
set problem, a result which was later improved to 2 by Fujito et al. [5]. Finally,
Chleb̀ık and Chleb̀ıkovà [3] showed that it is NP-Hard to approximate EDS(and
hence also MMM) within any factor better than 7/6.

Another recent trend of research on approximation algorithms deals with ex-
pressing approximation ratios as functions of some density parameters [4,7,9],
related to the number of edges, or the minimum and maximum degrees. Not
many such results have yet been obtained for our problems. It was neverthe-
less shown in [1] that MMM and EDS are approximable within ratios that are
asymptotic to min{2, 1/(1−√

1 − ε)} for graphs having at least ε
(
n
2

)
edges, and

to min{2, 1/ε} for graphs having minimum degree at least εn.

2 Analysis of Algorithm 1

Definitions and Notations

Let G = (V, E) be a (simple, loopless, undirected) graph, with V = {v1, . . . , vn}.
Let OPT be a fixed optimal solution to MMM in G and let T be the set of
endpoints in OPT . Let M = {e1, . . . , eμ} be a set of μ edges returned by an
execution of the greedy algorithm on G. We assume that these edges are ordered
according to the order in which they were chosen by the algorithm.

The definition of the algorithm ensures that M is a maximal matching. Since
M is a matching, at least one endpoint of each edge ei belongs to T . Let us call
{v1, . . . , v2μ} the endpoints of the edges of M , with ei = v2i−1v2i and v2i−1 ∈ T .
Since the matching M is maximal, the set of vertices {v2μ+1, . . . , vn} forms a
stable set, i.e. a set of vertices sharing no edge. The set of vertices V \T also forms
a stable set as the vertices in T are the endpoints of a maximal matching. Fig. 1
shows an example with μ = 6 and |OPT | = 5. Our assumptions on the ordering
of the vertices ensure that a vertex has a higher index when it is included later
(or never) in the heuristic solution and that the vertex with lowest index in ei

belongs to T .
As can be seen in Fig. 1, there are two types of edges in M . Edges of the first

type have only one endpoint in T . We let X be the set of these endpoints. Edges
of the second type have both endpoints in T . Let a be the number of such edges.
Let finally b be the number of vertices of T outside M . Fig. 1 also illustrates X ,
a and b. Note that in practice the two types of edges can be interleaved in M ,
whereas they are shown separated in the figure for the sake of clarity.

The approximation ratio is β = μ/|OPT |. This quantity is fixed when M
and OPT are given. In order to give an upper bound on β, we prove an upper
bound on the number of edges in a graph when M and OPT are fixed. This
bound is then inverted in order to obtain an upper bound on β as a function of
the number of edges. Our results are expressed in terms of the density of our
graphs, according to the following definitions. We define an ε-dense graph as a
graph with at least ε

(
n
2

)
edges.
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matching M

v2

v3

v4

v1

e2e1 eµ

a edgesμ − a edges

X

b vertices

stable set

Fig. 1. An example with μ = 6 and |OPT | = 5. Black vertices are the endpoints of the
minimum maximal matching.

The following additional graph-theoretic notations will be useful. For any
vertex set W ⊆ V and vertex v, let NW (v) be the set of neighbors of v in set
W and let dW (v) = |NW (v)|. Let an anti-edge xy be a pair of vertices x and
y sharing no edge. Let N<

W (vj) be the set of neighbors vi of vj with i < j and
vi ∈ W , and let d<

W (vj) = |N<
W (vj |. For any of these notations, the subscript W

may be omitted when W = V . We also use the classical notation G[X ] for the
subgraph of G induced by a vertex set X . Let m̄(G) =

(
n
2

)−m(G) be the number
of anti-edges in G. We omit the parameter G when it is clear from context. We
define G × G′, the join of graphs G = (V, E) and G′ = (V ′, E′) as a new graph
that contains all the vertices and edges of G ang G′ as well as all the possible
edges joining both sets of vertices.

Upper Bound

Lemma 1 shows that a certain set of vertices has degree at most |T |. This result
is then used by Lemma 2 in order to find an upper bound on the number of
edges in the graph.

Lemma 1. If d<
X(vj) > 0 for some vertex vj, then d(vj) ≤ |T |.

Proof. We call the vertices of T black vertices and the vertices outside of T
white vertices. Let i be the smallest index such that vi ∈ X and vivj ∈ E. Let
V b

a = (va . . . vb). Fig. 2 illustrates these notations. We can express the degree of
vj as:

d(vj) = dV i−1
1

(vj) + dV n
i

(vj).

Since vj has no neighbor in V i−1
1 ∩ X , we have dV i−1

1
(vj) ≤ |V i−1

1 \X | and
therefore

d(vj) ≤ |V i−1
1 \X |+ dV n

i
(vj). (1)

It can easily be seen that |V i−1
1 \X | = |V i−1

1 ∩ T | and therefore

d(vj) ≤ |V i−1
1 ∩ T |+ dV n

i
(vj).
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vi+1

vi

V i−1
1 V n

i

X

vj

matching M stable set

Fig. 2. Structure of the matching M . In this example, vj was chosen inside the matching
and outside X. Note that Lemma 1 also allows vj to be in the stable set or in X.

The greedy algorithm ensures that edge vivi+1 has maximum degree in G[V n
i ],

and therefore
d(vj) ≤ |V i−1

1 ∩ T | + dV n
i

(vi+1). (2)

It is worth noticing that this is the only place in the whole proof of Theorem 1
where this property is used. Finally, since vi+1 is a white vertex, it can only be
adjacent to vertices in T , as the white vertices form a stable set. Therefore

d(vj) ≤ |V i−1
1 ∩ T | + |V n

i ∩ T |
= |T |. ��

The following result provides a lower bound on the number of anti-edges in the
graph, hence an upper bound on the number of edges. Its proof uses counting
arguments that heavily rely on the bound given in Lemma 1. Recall that a is
the number of edges of M having both endpoints in T , and that b is the number
of vertices of T that are outside M .

Lemma 2

m̄ ≥ 2
(

n/2 − a − b

2

)

Proof. Let d̄W (v), the anti-degree of v, be the number of anti-edges between v
and vertices of W . Thus

d̄W (v) =

{
|W | − dW (v) if v /∈ W

|W | − 1 − dW (v) otherwise.

We first define a family of vertex sets {Xi} and show a lower bound on m̄ as a
function of the sizes of these sets. We call the vertices in (resp. outside) T black
(resp. white) vertices.
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The sets of vertices are the following (see Fig. 3): X1 and X2 are defined as
the black and white endpoints of μ − a − b arbitrary black-white edges of M .
Sets X3 and X4 are obtained by splitting the b black vertices outside of M into
two sets of equal sizes (rounding if necessary). Sets X5 and X6 are obtained by
splitting the n − 2μ− b white vertices outside of M into two sets of equal sizes.
Finally, X9 and X10 are obtained by dividing the remaining b vertices of the
matching into sets of equal sizes. We define xi = |Xi| for each set Xi.

μ − a − b ab

X9 X10

e2e1 eµ

X1

X3 X5

X4 X6

X7

X8

2μ vertices n − 2μ vertices

X2

Fig. 3. Notations for the vertex sets

We first show

m̄ ≥
(

x1

2

)
+

(
x2

2

)
+

(
x7

2

)
+

(
x8

2

)
+ x2x9 + x2x5 + x2x10 + x2x6 (3)

Note that each set Xi except X1 is stable, because it either contains only
white vertices or only vertices outside M . This explains the second,third and
fourth terms in the above sum. For each term of the form xixj in the sum, both
Xi and Xj contain only white vertices, and therefore share no edge, since any
set of white vertices in G is stable. Note that no anti-edge is counted twice, since
our anti-edges involve vertices taken in and between disjoint vertex sets.

Concerning the additional number of
(
x1
2

)
anti-edges required, we use Lemma 1

to prove that every edge inside X1 is compensated for by an anti-edge between
a vertex in X1 and a vertex outside X1. For each vj ∈ X1, we have:

d<
X1

(vj) ≤ dX1(vj)
= d(vj) − dV \X1(vj).

Applying Lemma 1 yields:

d<
X1

(vj) ≤ |T | − dV \X1(vj).

Using |T | = μ + a + b and μ ≤ n/2 yields

d<
X1

(vj) ≤ n − (μ − a − b) − dV \X1 (vj).
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Finally, since |V \X1| = n − (μ − a − b), the definition of the anti-degree yields

d<
X1

(vj) ≤ d̄V \X1(vj).

We now take sums over the elements of X1:
∑

vj∈X1

d<
X1

(vj) ≤
∑

vj∈X1

d̄V \X1(vj).

Since the sets N<
X1

(vj) corresponding to the values d<
X1

(vj) in the above sum
form a partition of the edges of G[X1], we have

m(G[X1]) ≤
∑

vj∈X1

d̄V \X1(vj).

From the definition of m̄, we have:
(

x1

2

)
≤ m̄(G[X1]) +

∑

vj∈X1

d̄V \X1(vj).

The above relation thus implies the existence of at least
(
x1
2

)
anti-edges involving

vertices of X1.
There remains to show that bound 3 is greater than 2

(
n/2−a−b

2

)
. Plugging

x2 = x1, x9 = x3, and x10 = x4 into 3 yields:

m̄ ≥
(

x1

2

)
+

(
x2

2

)
+

(
x7

2

)
+

(
x8

2

)
+ x1x3 + x1x5 + x2x4 + x2x6.

and therefore

m̄ ≥
(

x1

2

)
+

(
x2

2

)
+

(
x7

2

)
+

(
x8

2

)
+ x1x7 + x2x8.

The desired result follows from repeated applications of the relation
(
x+y

2

)
=(

x
2

)
+

(
y
2

)
+ xy :

m̄ ≥
(

x1

2

)
+

(
x2

2

)
+

(
x7

2

)
+

(
x8

2

)
+ x1(x7) + x2(x8)

=
(|X1 ∪ X7|

2

)
+

(|X2 ∪ X8|
2

)

=
(

x1 + x7

2

)
+

(
x2 + x8

2

)

=
(�n/2 − a − b�

2

)
+

(
n/2 − a − b�
2

)

=∗
{

2
(
n/2−a−b

2

)
if n is even

2
(
n/2−a−b

2

)
+ 1/4 otherwise.

≥ 2
(

n/2 − a − b

2

)
.

��
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Theorem 1 is essentially a consequence of this upper bound on the number of
edges.

Theorem 1. The approximation ratio of the greedy heuristic in ε-dense graphs
with n vertices is at most

⎧
⎪⎨

⎪⎩

2 if ε ≤ 1
2 + 1

n−1[
1 − 1

2n −
√

1
4n2 +

(
1 − 1

n

) (1−ε)
2

]−1

otherwise.

−→n→∞

⎧
⎨

⎩

2 if ε ≤ 1
2[

1 −
√

1−ε
2

]−1

otherwise.

Proof. We know from Lemma 2 that m̄ ≥ 2
(
n/2−a−b

2

)
. Simple algebra using

β = μ/|OPT |, 2|OPT | = μ + a + b and μ ≤ n/2 implies

a + b ≤ n

2

[
2 − β

β

]
.

and therefore

m̄ ≥ 2
(

n/2 − n
2

[
2−β

β

]

2

)
= 2

(
n

(
β−1

β

)

2

)
. (4)

Let x = (β − 1)/β. We would like to express the above inequality as an upper
bound on β, i.e. on x. The inequality can now be written as

f(x) = n2x2 − nx − m̄ ≤ 0.

Differentiating f with respect to x shows that f decreases when x < 1
2n and

increases when x > 1
2n . The value of f(x) can therefore only be negative when

x− ≤ x ≤ x+, where x− and x+ are the roots of f(x). Solving the second-order
equation f(x) = 0 yields

x− =
1
2n

−
√

1
4n2

+
m̄

n2

and

x+ =
1
2n

+

√
1

4n2
+

m̄

n2
.

The value of x− is always negative and thus x− ≤ x brings us no additional
knowledge on the ratio. Rewriting inequality x ≤ x+ yields

β − 1
β

≤ 1
2n

+

√
1

4n2
+

m̄

n2

and

β ≤
[

1 − 1
2n

−
√

1
4n2

+
m̄

n2

]−1

.
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Reverting to m and setting m ≥ ε
(
n
2

)
yields the desired result

β ≤
[

1 − 1
2n

−
√

1
4n2

+
(

1 − 1
n

)
(1 − ε)

2

]−1

=

[

1 − O

(
1
n

)
−

√
1 − ε

2
+ O

(
1
n

)]−1

.

Direct algebraic manipulations show that

[

1 − 1
2n

−
√

1
4n2

+ (1 − ε)
(

1
2
− 1

2n

)]−1

< 2

⇐⇒ ε >
1
2

(
n

n − 1

)

⇐⇒ ε >
1
2

+
1

n − 1
.

��
Tightness

The case ε ≥ 7/9. Let ζn,k = Kn−2k×Kk,k, where Kn−2k is a complete graph
with n − 2k vertices and Kk,k a complete bipartite graph with two stable sets
of size k (see Fig. 4(b) for an example). Such a graph can be compared with the
complete split graph Ψn,k (see Fig. 4(a)), which is defined as the join of a clique
of size n − k and an independent set of size k and is a tight example for the
simpler greedy algorithm analyzed in [1].

Algorithm 1 always finds a perfect matching in ζn,k. On the other hand, the
following matching is clearly maximal: match k vertices of the clique with k
vertices of one independent set, and match the remaining vertices of the clique
among themselves. This is always possible when k and n are even and k ≤ n/3
and yields a matching of size (n − k)/2. Therefore we have the following bound
on the approximation ratio: β = μ/|OPT | ≥ n/(n − k).

The number of edges of ζn,k is given by m =
(
n
2

) − 2
(
k
2

)
and therefore k =(

1 +
√

1 + 4
[(

n
2

) − m
])

/2. We denote by ε the ratio m/
(
n
2

)
, i.e. the density of

ζn,k. From the above equality, we have k =
(
1 +

√
1 + 4

(
n
2

)
(1 − ε)

)
/2.

Plugging this equation into the inequality for β above yields

β ≥
[

1 − 1
2n

−
√

1
4n2

+
(

1 − 1
n

)
(1 − ε)

2

]−1

,

which matches the upper bound on the ratio obtained in Theorem 1. Plugging
the condition k ≤ n/3 into m =

(
n
2

)− 2
(
k
2

)
yields ε ≥ 7/9 + O(1/n). The graphs

ζn,k with n and k even are thus a collection of tight examples for our bound
when ε ≥ 7/9.
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(a) Complete split graph
Ψ5,2

(b) Tight example ζ7,2

Fig. 4. Tight examples

The general case. A slightly more intricate family of graphs can be built,
which provide a collection of asymptotically tight examples for our ratio for any
ε ≥ 1/2. We first describe the special case when ε = 1/2 and β → 2. The graph
is the following (see Fig. 5) :

B ≡ Mk/2 × Ik × K1

where Mk/2 is a matching of k/2 edges, Ik an empty graph with k vertices, and
K1 is an isolated vertex.

Fig. 5. Tight example A9,4

It is easy to see that at each step of Algorithm 1 there exists an edge between
the matching and the stable set that has maximum degree. Therefore the algo-
rithm might choose k of these edges thus obtaining a cover of size k. On the
other hand, taking all the edges of Mk/2 and an additional edge incident to K1

yields a cover of size k/2 + 1. Therefore β ≥ k/(k/2 + 1) which tends to 2 as k
tends to infinity. It is further straightforward to check that the density of this
graph is 1/2 + O(1/n).

For other values of ε, we generalize the above example by joining it to a clique,
i.e. we build the following general family:

An,k ≡ (Mk/2 × Ik × K1) × Kn−2k−1

Note that An,k is well-defined for any odd n and even 0 ≤ k < n/2 and that
the limiting values of k correspond respectively to B and to Kn. The density
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of An,k therefore spans the whole range ]1/2, 1]. It is further easy to check that
m(An, k) =

(
n
2

) − (
k
2

)
+ O(n).

In An,k, Algorithm 1 will first empty the clique Kn−2k−1, leaving us again with
a subgraph isomorphic to B. The algorithm can therefore return a matching of
size (n−2k−1)/2+k = (n−1)/2. On the other hand, taking a perfect matching
in the clique Kn−2k−1 together with the same k/2+ 1 edges described above for
B yields a cover of size (n − 2k − 1)/2 + k/2 + 1 = (n − k + 1)/2. Therefore we
have

β ≥ (n − 1)/2
(n − k + 1)/2

=
n − 1

n − k + 1

Setting m(An, k) =
(
n
2

) − (
k
2

)
+ O(n) and ε = m/

(
n
2

)
as for ζn,k yields

n − 1
n − k + 1

→
[

1 −
√

1 − ε

2

]−1

as n → ∞

Our lower bound on the ratio thus asymptotically matches the upper bound
of Theorem 1. Note that we have made no special assumption on k as we had
done for ζn,k. The graphs An,k with odd n and even 0 ≤ k < n/2 are therefore a
family of asymptotically tight graphs for ε ≥ 1/2. Asymptotically tight examples
for even n may be obtained by slight adaptation of the above graphs.

3 Conclusion

Several variants to Algorithm 1 could be devised. For example, one could decide
to slightly alter Algorithm 1 by each time selecting the edge that has the highest
degree in the original graph rather than the updated graph. This variant is
interesting as it can easily be implemented in time O(n + m) using counting
sort. Another interesting variant is the one in which one does not select the
highest degree edge, but rather the edge defined by the highest degree vertex
and its highest degree neighbor. We claim that Theorem 1 remains valid for
these two variants. One should first notice that the only place in our analysis
where explicit use is made of the strategy for choosing an edge is in Lemma 1.
It is almost straightforward to adapt its proof for both variants.

Further, it can be checked that the asymptotic bound of 1/ε for graphs with
minimum degree at least εn obtained for the maximal matching heuristic in [1]
is also tight for Algorithm 1, with the same tight examples as those described in
section 2.

Finally, Algorithm 1 also provides a 2-approximation for Minimum Vertex
Cover by taking the endpoints of the maximal matching returned by the al-
gorithm. The ratio obtained in Theorem 1 is also valid for this problem by
slight adaptations to the proofs. The analytical form of our asymptotic result
compares interestingly with that of both the simplest [1] and the best known
approximation algorithm for Minimum Vertex Cover in ε-dense graphs [10] :
1/(1 − √

(1 − ε)/2) against 1/(1 − √
(1 − ε)) and 1/(1 − √

(1 − ε)/4). Fig. 6
compares these ratios.
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 1

 2

 0  0.25  0.5  0.75  1

ra
tio

density

Maximal matching
Greedy

Karpinski-Zelikovsky

Fig. 6. A comparison of the ratios provided by the maximal matching heuristic, the
greedy algorithm and Karpinski and Zelikovsky’s algorithm
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Abstract. In this paper, we consider the online version of the following
problem: partition a set of input points into subsets, each enclosable by
a unit ball, so as to minimize the number of subsets used. In the one-
dimensional case, we show that surprisingly the näıve upper bound of 2
on the competitive ratio can be beaten: we present a new randomized
15/8-competitive online algorithm. We also provide some lower bounds
and an extension to higher dimensions.

1 Introduction

Clustering problems—dividing a set of points into groups to optimize various
objective functions—are fundamental and arise in a wide variety of applications
such as information retrieval, data mining, and facility location. We mention two
of the most basic and popular versions of clustering:

Problem 1 (k-Center). Given a set of n points and a parameter k, cover the
set by k congruent balls, so as to minimize the radius of the balls.

Problem 2 (Unit Covering). Given a set of n points, cover the set by balls
of unit radius, so as to minimize the number of balls used.

Both problems are NP-hard in the Euclidean plane [10,19]. In fact, it is NP-hard
to approximate the two-dimensional k-center problem to within a factor smaller
than 2 [9]. Factor-2 algorithms are known for the k-center problem [9,11] in any
dimension, while polynomial-time approximation schemes are known for the unit
covering problem [14] in fixed dimensions.

Recently, many researchers have considered clustering problems in more prac-
tical settings, for example, in the online and data stream models [4,5,12], where
the input is given as a sequence of points over time. In the online model, the
solution must be constructed as points arrive and decisions made cannot be
subsequently revoked; for example, in the unit covering problem, after a ball is
opened to cover an incoming point, the ball cannot be removed later. In the
related streaming model, the main concern is the amount of working space; as
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points arrive, we must decide which point should be kept in memory. We focus
on the online setting in this paper.

The online version of the unit covering problem is one of the problems ad-
dressed in the paper by Charikar et al. [4]. They have given an upper bound of
O(2dd log d) and a lower bound of Ω( log d

log log log d ) on the competitive ratio of de-
terministic online algorithms in d dimensions; for d = 1 and 2, the lower bounds
are 2 and 4 respectively.

In this paper, we address the online version of the following variant:

Problem 3 (Unit Clustering). Given a set of n points, partition the set into
clusters (subsets), each of radius at most one, so as to minimize the number of
clusters used. Here, the radius of a cluster refers to the radius of its smallest
enclosing ball.

At first glance, Problem 3 might look eerily similar to Problem 2; in fact, in the
usual offline setting, they are identical. However, in the on-line setting, there
is one important difference: as a point p arrives, the unit clustering problem
only requires us to decide on the choice of the cluster containing p, not the ball
covering the cluster; the point cannot subsequently be reassigned to another
cluster, but the position of the ball may be shifted.

We show that it is possible to get better results for Problem 3 than Problem 2.
Interestingly we show that even in one dimension, the unit clustering problem
admits a nontrivial algorithm with competitive ratio better than 2, albeit by
using randomization. In contrast, such a result is not possible for unit covering.
To be precise, we present an online algorithm for one-dimensional unit clustering
that achieves expected competitive ratio 15/8 against oblivious adversaries. Our
algorithm is not complicated but does require a combination of ideas and a
careful case analysis. We contrast the result with a lower bound of 4/3 and also
extend our algorithm for the problem in higher dimensions under the L∞ metric.

We believe that the one-dimensional unit clustering problem itself is theo-
retically appealing because of its utter simplicity and its connection to well-
known problems. For example, in the exact offline setting, one-dimensional unit
clustering/covering is known to be equivalent to the dual problem of finding
a largest subset of disjoint intervals among a given set of unit intervals—i.e.,
finding maximum independent sets in unit interval graphs. Higher-dimensional
generalizations of this dual independent set problem have been explored in the
map labeling and computational geometry literature [2,3,8], and online algo-
rithms for various problems about geometric intersection graphs have been con-
sidered (such as [18]). The one-dimensional independent set problem can also be
viewed as a simple scheduling problem (dubbed “activity selection” by Cormen
et al. [6]), and various online algorithms about intervals and interval graphs (such
as [1,7,16,17]) have been addressed in the literature on scheduling and resource
allocation. In the online setting, one-dimensional unit clustering is equivalent
to clique partitioning in unit interval graphs, and thus, equivalent to coloring
in unit co-interval graphs. It is known that general co-interval graphs can be
colored with competitive ratio at most 2 [13], and that, no online deterministic
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algorithm can beat this 2 bound [15]. To the best of our knowledge, however,
online coloring of unit co-interval graphs has not been studied before.

2 Näıve Algorithms

In this section, we begin our study of the unit clustering problem in one dimen-
sion by pointing out the deficiencies of some natural strategies.

Recall that the goal is to assign points to clusters so that each cluster has
length at most 1, where the length of a cluster refers to the length of its smallest
enclosing interval. (Note that we have switched to using lengths instead of radii
in one dimension; all intervals are closed.) We say that a point lies in a cluster
if inserting it to the cluster would not increase the length of the cluster. We say
that a point fits in a cluster if inserting it to the cluster would not cause the
length to exceed 1. The following are three simple online algorithms, all easily
provable to have competitive ratio at most 2:

Algorithm 1 (Centered). For each new point p, if it is covered by an existing
interval, put p in the corresponding cluster, else open a new cluster for the unit
interval centered at p.

Algorithm 2 (Grid). Build a uniform unit grid on the line (where cells are
intervals of the form [i, i + 1)). For each new point p, if the grid cell containing
p is nonempty, put p in the corresponding cluster, else open a new cluster for
the grid cell.

Algorithm 3 (Greedy). For each new point p, if p fits in some existing
cluster, put p in such a cluster, else open a new cluster for p.

The first two algorithms actually solve the stronger unit covering problem
(Problem 2). No such algorithms can break the 2 bound, as we can easily prove:

Theorem 1. There is a lower bound of 2 on the competitive ratio of any ran-
domized (and deterministic) algorithm for the online unit covering problem in
one dimension.

Proof. To show the lower bound for randomized algorithms, we use Yao’s tech-
nique and provide a probability distribution on the input sequences such that
the resulting expected competitive ratio for any deterministic online algorithm
is at least 2. The adversary provides a sequence of 3 points at position 1, x, and
1 + x, where x is uniformly distributed in [0, 1]. The probability that a deter-
ministic algorithm produces the optimal solution (of size 1 instead of 2 or more)
is 0. Thus, the expected value of the competitive ratio is at least 2. ��
The 2 bound on the competitive ratio is also tight for Algorithm 3: just consider
the sequence

〈
1
2 , 3

2 , . . . , 2k − 1
2

〉
followed by 〈0, 2, . . . , 2k〉 (where the greedy algo-

rithm uses 2k+1 clusters and the optimal solution needs only k+1 clusters). No
random combination of Algorithms 1–3 can lead to a better competitive ratio,
as we can easily see by the same bad example. New ideas are needed to beat 2.
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3 The New Algorithm

In this section, we present a new randomized algorithm for the online unit clus-
tering problem. While the competitive ratio of this algorithm is not necessarily
less than 2, the algorithm is carefully designed so that when combined with
Algorithm 2 we get a competitive ratio strictly less than 2.

Our algorithm builds upon the simple grid strategy (Algorithm 2). To guard
against a bad example like

〈
1
2 , 3

2 , . . .
〉
, the idea is to allow two points in different

grid cells to be put in a common cluster “occasionally” (as controlled by random-
ization). Doing so might actually hurt, not help, in many cases, but fortunately
we can still show that there is a net benefit (in expectation), at least in the most
critical case.

To implement this idea, we form windows each consisting of two grid cells and
permit clusters crossing the two cells within a window but try to “discourage”
clusters crossing two windows. The details of the algorithm are delicate and are
described below. Note that only one random bit is used at the beginning.

Algorithm 4 (RandWindow). Group each two consecutive grid cells into a
window of the form [2i, 2i+2). With probability 1/2, shift all windows one unit to
the right. For each new point p, find the window w and the grid cell c containing
p, and do the following:

1: if w is empty then open a new cluster for p

2: else if p lies in a cluster then put p in that cluster

3: else if p fits in a cluster entirely inside c then put p in that cluster

4: else if p fits in a cluster intersecting w then put p in that cluster

5: else if p fits in a cluster entirely inside a neighboring window w′ and

6: w′ intersects > 1 clusters then put p in that cluster

7: else open a new cluster for p

To summarize: the algorithm is greedy-like and opens a new cluster only if no
existing cluster fits. The main exception is when the new point is the first point
in a window (line 1); another exception arises from the (seemly mysterious)
condition in line 6. When more than one cluster fits, the preference is towards
clusters entirely inside a grid cell, and against clusters from neighboring windows.
These exceptional cases and preference rules are vital to the analysis.

4 Analysis

For a grid cell (or a group of cells) x, the cost of x denoted by μ(x) is defined to
be the number of clusters fully contained in x plus half the number of clusters
crossing the boundaries of x, in the solution produced by our algorithm. Observe
that μ is additive, i.e., for two adjacent groups of cells x and y, μ(x ∪ y) =
μ(x) + μ(y). This definition of cost will be useful for accounting purposes.
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To prepare for the analysis, we first make several observations concerning the
behavior of the RandWindow algorithm. In the following, we refer to a cluster
as a crossing cluster if it intersects two adjacent grid cells, or as a whole cluster
if it is contained completely in a grid cell.

Observation 1

(i) The enclosing intervals of the clusters are disjoint.
(ii) No grid cell contains two whole clusters.
(iii) If a grid cell c intersects a crossing cluster u1 and a whole cluster u2, then

u2 must be opened after u1 has been opened, and after u1 has become a
crossing cluster.

Proof. (i) holds because of line 2. (ii) holds because line 3 precedes line 7.
For (iii), let p1 be the first point of u1 in c and p′1 be the first point of u1 in a

cell adjacent to c. Let p2 be the first point of u2. Among these three points, p1

cannot be the last to arrive: otherwise, p1 would be assigned to the whole cluster
u2 instead of u1, because line 3 precedes lines 4–7. Furthermore, p′1 cannot be
the last to arrive: otherwise, p1 would be assigned to u2 instead, again because
line 3 precedes lines 4–7. So, p2 must be the last to arrive. ��

For example, according to Observation 1(ii), every grid cell c must have μ(c) ≤
1 + 1

2 + 1
2 = 2.

Let σ be the input sequence and opt(σ) be an optimal covering of σ by unit
intervals, with the property that the intervals are disjoint. (This property is
satisfied by some optimal solution, simply by repeatedly shifting the intervals to
the right.) We partition the grid cells into blocks, where each block is a maximal
set of consecutive grid cells interconnected by the intervals from opt(σ) (see
Fig. 1). Our approach is to analyze the cost of the solution produced by our
algorithm within each block separately.

B1 B2 B3

Fig. 1. Three blocks of sizes 2, 3, and 1

A block of size k ≥ 2 contains exactly k−1 intervals from opt(σ). Define ρ(k)
to be the competitive ratio of the RandWindow algorithm within a block of
size k, i.e., ρ(k) upper-bounds the expected value of μ(B)/(k−1) over all blocks
B of size k. The required case analysis is delicate and is described in detail below.
The main case to watch out for is k = 2: any bound for ρ(2) strictly smaller than
2 will lead to a competitive ratio strictly smaller than 2 for the final algorithm
(as we will see in Section 5), although bounds for ρ(3), ρ(4), . . . will affect the
final constant.
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I

c2

u1 u3

c1

B

u2

c2

u1 u2

c1

B

u4u3

I

Fig. 2. Impossibility of Subcase 1.1 (left) and Subsubcase 1.3.2 (right)

Theorem 2. ρ(2) = 7/4, ρ(3) = 9/4, ρ(4) ≤ 7/3, and ρ(k) ≤ 2k/(k− 1) for all
k ≥ 5.

Proof. We first analyze ρ(2). Consider a block B of size 2, consisting of cells c1

and c2 from left to right. Let I be the single unit interval in B in opt(σ). There
are two possibilities:

– Lucky Case: B falls completely in one window w. After a cluster u has
been opened for the new point (by line 1), all subsequent points in I are put
in the same cluster u (by lines 3 and 4). Note that the condition put in line 6
prevents points from the neighboring windows to join u and make crossing
clusters. So, u is the only cluster in B, and hence, μ(B) = 1.

– Unlucky Case: B is split between two neighboring windows. We first rule
out some subcases:
• Subcase 1.1: μ(c1) = 2. Here, c1 intersects three clusters 〈u1, u2, u3〉

(from left to right), where u1 and u3 are crossing clusters and u2 is a
whole cluster (see Fig. 2, left). By Observation 1(iii), u2 is opened after
u3 has become a crossing cluster, but then the points of u2 would be
assigned to u3 instead (because line 4 precedes line 7 and u2 ∪ u3 ⊂ I
has length at most 1): a contradiction.

• Subcase 1.2: μ(c2) = 2. Similarly impossible.
• Subcase 1.3: μ(c1) = μ(c2) = 3/2. We have only two scenarios:

∗ Subsubcase 1.3.1: B intersects three clusters 〈u1, u2, u3〉, where u2

is a crossing cluster, and u1 and u3 are whole clusters. By Observa-
tion 1(iii), u1 is opened after u2 has become a crossing cluster, but
then the points of u1 would be assigned to u2 instead (because of
line 4 and u1 ∪ u2 ⊂ I): a contradiction.

∗ Subsubcase 1.3.2: B intersects four clusters 〈u1, u2, u3, u4〉, where
u1 and u4 are crossing clusters and u2 and u3 are whole clusters
(see Fig. 2, right). W.l.o.g., say u2 is opened after u3. By Observa-
tion 1(iii), u2 is the last to be opened after u1, u3, u4, but then u2

would not be opened as points in u2 may be assigned to u3 (because
lines 5–6 precedes line 7, u2 ∪ u3 ⊂ I, and c2 intersects more than
one cluster): a contradiction.

In all remaining subcases, μ(B) = μ(c1) + μ(c2) ≤ 3
2 + 1 = 5

2 .

Since the lucky case occurs with probability exactly 1/2, we conclude that
ρ(2) ≤ 1

2 (1) + 1
2 (5

2 ) = 7
4 . (This bound is tight.)
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c2c1 c3

I1 I2
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u2u1 u3
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Fig. 3. Impossibility of Cases 2.1 (left) and 2.2 (right)

Next, we analyze ρ(3). Consider a block B of size 3, consisting of cells c1, c2, c3

from left to right. (It will not matter below whether c1 and c2 fall in the same
window, or c2 and c3 instead.) Let I1, I2 be the two unit intervals in B in opt(σ)
from left to right.

– Case 2.1: μ(c2) = 2. Here, c2 intersects three clusters 〈u1, u2, u3〉 (from left
to right), where u1 and u3 are crossing clusters and u2 is a whole cluster
(see Fig. 3, left). By Observation 1(iii), u2 is opened after u1 and u3 have
become crossing clusters, but then the points of u2 would be assigned to u1

or u3 instead (because of line 4 and u1 ∪ u2 ∪ u3 ⊂ I1 ∪ I2): a contradiction.
– Case 2.2: μ(c1) = μ(c3) = 2. Here, c1 intersects three clusters 〈u1, u2, u3〉

and c3 intersects three clusters 〈u4, u5, u6〉 (from left to right), where u1, u3,
u4, u6 are crossing clusters and u2, u5 are whole clusters (see Fig. 3, right).
Then u3 cannot be entirely contained in I1: otherwise, by Observation 1(iii),
u2 is opened after u1 and u3 have become crossing clusters, but then the
points of u2 would be assigned to u3 instead. Similarly, u4 cannot be entirely
contained in I2. However, this implies that the enclosing intervals of u3 and
u4 overlap: a contradiction.

– Case 2.3: μ(c1) = 2 and μ(c2) = μ(c3) = 3/2. Here, B intersects six clusters
〈u1, . . . , u6〉 (from left to right), where u1, u3, u6 are crossing clusters and
u2, u4, u5 are whole clusters. As in Case 2.2, u3 cannot be entirely contained
in I1. This implies that u4∪u5 ⊂ I2. We now proceed as in Subcase 1.3.2. Say
u4 is opened after u5 (the other scenario is symmetric). By Observation 1(iii),
u4 is the last to be opened after u3, u5, u6, but then u4 would not be opened
as points in u4 may be assigned to u5: a contradiction.

– Case 2.4: μ(c1) = μ(c2) = 3/2 and μ(c3) = 2. Similarly impossible.

In all remaining subcases, μ(B) = μ(c1)+μ(c2)+μ(c3) is at most 2+ 3
2 +1 = 9

2
or 3

2 + 3
2 + 3

2 = 9
2 . We conclude that ρ(3) ≤ 9/4. (This bound is tight.)

Now, we analyze ρ(4). Consider a block B of size 4, consisting of cells c1, . . . , c4

from left to right. Let I1, I2, I3 be the three unit intervals in B in opt(σ) from
left to right.

– Case 3.1: μ(c1) = μ(c3) = 2. Here, c1 intersects three clusters 〈u1, u2, u3〉
and c3 intersects three clusters 〈u4, u5, u6〉 (from left to right), where u1, u3,
u4, u6 are crossing clusters and u2, u5 are whole clusters. As in Case 2.2, u3

cannot be entirely contained in I1. Thus, u4 ∪ u5 ∪ u6 ⊂ I2 ∪ I3. We now
proceed as in Case 2.1. By Observation 1(iii), u5 is opened after u4 and u6
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have become crossing clusters, but then the points of u5 would be assigned
to u4 or u6 instead: a contradiction.

– Case 3.2: μ(c2) = μ(c4) = 2. Similarly impossible.

In all remaining subcases, μ(B) = (μ(c1) + μ(c3)) + (μ(c2) + μ(c4)) ≤ (2 +
3
2 ) + (2 + 3

2 ) ≤ 7. We conclude that ρ(4) ≤ 7/3.
For k ≥ 5, we use a rather loose upper bound. Consider a block B of size k.

As each cell c has μ(c) ≤ 2, we have μ(B) ≤ 2k, and hence ρ(k) ≤ 2k/(k−1). ��

5 The Combined Algorithm

We can now combine the RandWindow algorithm (Algorithm 4) with the Grid
algorithm (Algorithm 2) to obtain a randomized online algorithm with compet-
itive ratio strictly less than 2. Note that only two random bits in total are used
at the beginning.

Algorithm 5 (Combo). With probability 1/2, run RandWindow, else run
Grid.

Theorem 3. Combo is 15/8-competitive (against oblivious adversaries).

Proof. The Grid algorithm uses exactly k clusters on a block of size k. Therefore,
the competitive ratio of this algorithm within a block of size k is k/(k − 1).

The following table shows the competitive ratio of the RandWindow, Grid,
and Combo algorithms, for all possible block sizes.

Table 1. The competitive ratio of the algorithms within a block

Block Size 2 3 4 k ≥ 5

Grid 2 3/2 4/3 k/(k − 1)
RandWindow 7/4 9/4 ≤ 7/3 ≤ 2k/(k − 1)

Combo 15/8 15/8 ≤ 11/6 ≤ 3/2 · k/(k − 1)

As we can see, the competitive ratio of Combo within a block is always at
most 15/8. By summing over all blocks and exploiting the additivity of our cost
function μ, we see that expected total cost of the solution produced by Combo
is at most 15/8 times the size of opt(σ) for every input sequence σ. ��

We complement the above result with a quick lower bound argument:

Theorem 4. There is a lower bound of 4/3 on the competitive ratio of any
randomized algorithm for the online unit clustering problem in one dimension
(against oblivious adversaries).
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Proof. We use Yao’s technique. Consider two point sequences P1 =
〈
1, 2, 1

2 , 5
2

〉

and P2 =
〈
1, 2, 3

2 , 3
2

〉
. With probability 2/3 the adversary provides P1, and with

probability 1/3 it provides P2. Consider a deterministic algorithm A. Regardless
of which point sequence is selected by the adversary, the first two points provided
to A are the same. If A clusters the first two points into one cluster, then it uses
3 clusters for P1 and 1 cluster for P2, giving the expected competitive ratio of
2
3 (3

2 )+ 1
3 (1) = 4

3 . If A clusters the first two points into two distinct clusters, then
no more clusters are needed to cover the other two points of P1 and P2. Thus,
the expected competitive ratio of A in this case is 2

3 · (1)+ 1
3 · (2) = 4

3 as well. ��

6 Beyond One Dimension

In the two-dimensional L∞-metric case, we want to partition the given point
set into subsets, each of L∞-diameter at most 1 (i.e., each enclosable by a unit
square), so as to minimize the number of subsets used. (See Fig. 4.)

Fig. 4. Unit clustering in the L∞ plane

All the näıve algorithms mentioned in Section 2, when extended to two di-
mensions, provide 4-competitive solutions to the optimal solution. Theorem 1
can be generalized to a deterministic lower bound of 4 on the competitive ratio
for the unit covering problem. We show how to extend Theorem 3 to obtain a
competitive ratio strictly less than 4 for unit clustering.

Theorem 5. There is a 15/4-competitive algorithm for the online unit cluster-
ing problem in the L∞ plane.

Proof. Our online algorithm is simple: just use Combo to find a unit clustering
Ci for the points inside each horizontal strip i ≤ y < i + 1. (Computing each Ci

is indeed a one-dimensional problem.)
Let σ be the input sequence. We denote by σi the set of points from σ that lie

in the strip i ≤ y < i+1. Let Zi be an optimal unit covering for σi. Let O be an
optimal unit covering for σ, and Oi be the set of unit squares in O that intersect
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the grid line y = i. Since all squares in Oi lie in the strip i−1 ≤ y < i+1, we have
|Zi| ≤ |Oi−1| + |Oi|. Therefore

∑
i |Zi| ≤ 2|O|, so

∑
i |Ci| ≤ 15

8

∑
i |Zi| ≤ 15

4 |O|.
��

The above theorem can easily be extended to dimension d > 2, with ratio 2d ·
15/16.

7 Closing Remarks

We have shown that determining the best competitive ratio for the online unit
clustering problem is nontrivial even in the simplest one-dimensional case. The
obvious open problem is to close the gap between the 15/8 upper bound and
4/3 lower bound. An intriguing possibility that we haven’t ruled out is whether
a nontrivial result can be obtained without randomization at all. There is an
obvious 3/2 deterministic lower bound, but we do not see any simple argument
that achieves a lower bound of 2.

We wonder if ideas that are more “geometric” may lead to still better results
than Theorem 5. Our work certainly raises countless questions concerning the
best competitive ratio in higher-dimensional cases, for other metrics besides L∞,
and for other geometric measures of cluster sizes besides radius or diameter.
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